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Outline

1) electron-proton scattering:

near-forward and dispersive calculations

2) muon-proton scattering:

near-forward and dispersive calculations

3) 1S HFS in muonic hydrogen. 2Ɣ in atomic physics

uncertain corrections, relation to electronic hydrogen

Experimental motivation
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QCD running coupling

- EFTs, lattice QCD and phenomenology at low energies

9. Quantum chromodynamics 39

reasonably stable world average value of αs(M2
Z), as well as a clear signature and proof of

the energy dependence of αs, in full agreement with the QCD prediction of Asymptotic
Freedom. This is demonstrated in Fig. 9.3, where results of αs(Q2) obtained at discrete
energy scales Q, now also including those based just on NLO QCD, are summarized.
Thanks to the results from the Tevatron and from the LHC, the energy scales at which
αs is determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0013
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Figure 9.3: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).
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♦ We note, however, that in many such studies, like those based on exclusive states of
jet multiplicities, the relevant energy scale of the measurement is not uniquely defined.
For instance, in studies of the ratio of 3- to 2-jet cross sections at the LHC, the relevant
scale was taken to be the average of the transverse momenta of the two leading jets [379],
but could alternatively have been chosen to be the transverse momentum of the 3rd jet.
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 photon-proton vertex

Tool to explore the proton structure

1Ɣ amplitude

Q2 = �(k � k0)2 momentum transfer

lepton energy

Dirac and Pauli form factors
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Form factors measurement

Qattan et al. (2005) 

the end cap contributions, but normalize the contribution to
the LH2 spectrum at large !p, where the hydrogen con-
tribution is negligible. While the shape of the bremsstrah-
lung spectrum differs slightly between the dummy and
LH2 targets, the effect is only noticeable near the end
point, and a small uncertainty due to this difference is
included in the systematic uncertainties.

After removing the end cap background, the simulated
spectra from the combination of "p ! #0p and "p ! "p
are normalized to the low-momentum sides of the !p
spectra (taking into account the elastic radiative tail).
Removing this background yields clean spectra of elastic
events. We examine a window in !p around the elastic
peak and extract the elastic cross section by taking the
value used in the simulation, scaled by the ratio of counts in
the data to counts in the simulated spectrum. The upper
edge of the window varied from 5 to 15 MeV above the
peak, and is scaled with the resolution of the peak. The
lower edge goes from 10 to 16 MeV below the peak, and is
chosen to minimize the radiative correction while exclud-
ing background events. We also varied the !p windows,
and the change in the extracted cross sections was consis-
tent with the uncertainties we have assigned to the cut-
dependent corrections.

The yield is corrected for dead time in the data acquis-
ition system as well as several small inefficiencies. Correc-
tions for tracking efficiency, trigger efficiency, and particle
identification cuts were small (<2%) and independent of ".
About 5% of the protons are absorbed in the target and
detector stack, mainly in the hodoscopes and the aerogel
detector. We calculate the absorption in the target and
detector materials, which is " independent except for the
target absorption which varies by !0:1%. Radiative cor-
rections to the cross section are "20%, with a 5%–10% "
dependence, smaller than in previous Rosenbluth separa-
tions where the electron was detected. We also require a
single clean cluster of hits in each drift chamber plane to
avoid events where the resolution is worsened by noise in
the chambers. This reduces the non-Gaussian tails, but
leads to an inefficiency of roughly 7%, with a small
(0.25%) " dependence, possibly related to the variation
of rate with ". We correct the yield for the observed
inefficiency and apply a 100% uncertainty on the " depen-
dence of the correction.

The absolute uncertainty on the extracted cross sections
is approximately 3%, dominated by corrections for the
angular acceptance (2%), radiative processes (1%), proton
absorption in the target and detectors (1%), background
processes (1%), and the uncertainty in the integrated lumi-
nosity (1%). We apply a tight cut on the solid angle, using
only the data in the central 1.6 msr of the total #6 msr
acceptance. This cut limits the elastic data to the region of
100% acceptance, but leads to the relatively large uncer-
tainty in the size of the software-defined solid angle.
Because the solid angle is identical for all " values at

each Q2, this uncertainty affects the absolute cross section,
but not the extraction of GE=GM.

The largest random uncertainties, where the error can
differ at different " values, are related to the tracking
efficiency (0.2%), uncertainty in the scattering angle
(0.2%), subtraction of the inelastic proton backgrounds
(0.2%), and radiative corrections (0.2%). The total random
systematic uncertainty is 0.45%, with typical statistical
uncertainties of 0.25% at Q2 $ 2:64 GeV2 and 0.40% at
Q2 $ 4:1 GeV2. Data taken at the lowest beam energy
have an additional uncertainty (0.3%) because these data
were taken at lower beam currents (30–50 $A), and so are
sensitive to nonlinearity in the beam current measurements
and have different target heating corrections.

The reduced cross sections, %R $ &G2
M % "G2

E, are
shown in Fig. 2. The uncertainties are the statistical and
random systematic uncertainties. Some corrections lead to
correction to %R that varies nearly linearly with ". This
modifies the slope, but does not contribute to the scatter of
the points or deviations from linearity. The main uncer-
tainties in the extracted slope come from the " dependence
of the radiative corrections (0.3%), background subtrac-
tion, (0.25%), tracking efficiency (0.25%), and the effect of
beam energy or scattering angle offset (0.25%). Note that
we do not include the uncertainty related to two-photon
exchange, which we will discuss later. The combined
0.55% uncertainty in the slope of the reduced cross section

FIG. 2 (color online). Reduced cross sections as a function of
". The solid line is a linear fit to the reduced cross sections, the
dashed line shows the slope expected from scaling
($pGE=GM $ 1), and the dotted line shows the slope predicted
by the polarization transfer experiments [6].
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- Rosenbluth slope is sensitive to corrections beyond 1Ɣ 
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Proton form factors puzzle

V. Punjabi et al. (2015)

Eur. Phys. J. A (2015) 51: 79 Page 13 of 44

surprising at the time (1998–2002), as they appeared to
contradict the previously accepted belief that the ratio
µpGEp/GMp remains close to 1, a consensus based on the
Rosenbluth separation results up to 6GeV2, as illustrated
in fig. 9.

As discussed above, the two methods available to de-
termine the proton form factors GEp and GMp, the Rosen-
bluth separation and polarization transfer, give defini-
tively different results; the difference cannot be bridged by
either simple re-normalization of the Rosenbluth data [57],
or by variation of the polarization data within the quoted
statistical and systematic uncertainties. This discrepancy
has been known for sometime now, and has been the sub-
ject of extensive discussion and investigation. A possible
explanation is the contribution from the hard two-photon
exchange process, which affects the polarization transfer
components at the level of only a few percent, but has
drastic effects on the Rosenbluth separation results. This
will be discussed in detail in sect. 3.3.

Following the unexpected results from the two first po-
larization transfer experiments in Hall A at JLab, GEp(1)
and GEp(2), a third experiment in Hall C, GEp(3), was
carried out to extend the Q2-range to ≈ 9GeV2. Two
new detectors were built to carry out this experiment: a
large solid-angle electromagnetic calorimeter and a dou-
ble focal plane polarimeter (FPP). The recoil protons
were detected in the high momentum spectrometer (HMS)
equipped with two new FPPs in series. The scattered elec-
trons were detected in a new lead glass calorimeter (Big-
Cal) built for this purpose out of 1744 glass bars, 4×4 cm2

each, and a length of 20X0, with a total frontal area of
2.6m2 which provided complete kinematical matching to
the HMS solid angle. This experiment was completed in
the spring of 2008 and measured the form factor ratio at
Q2 of 5.2, 6.7 and 8.5GeV2.

Figure 10 shows the results from the three JLab exper-
iments [7–10, 101], as the ratio µpGEp/GMp versus Q2.
The uncertainties shown for the recoil polarization data
are statistical only.

The striking feature of the results of the GEp(3) exper-
iment is the continued, strong and almost linear decrease
of the ratio with increasing Q2, albeit with some indica-
tion of a slowdown at the highest Q2. The GEp(3) overlap
point at 5.2 GeV2 is in good agreement with the two sur-
rounding points from the GEp(2) data [9,10]. The GEp(3)
experiment used a completely different apparatus in a Q2

range where direct comparison with the Hall A recoil po-
larization results from the GEp(2) experiment is possi-
ble. This comparison provides an important confirmation
of the reproducibility of the results obtained with the re-
coil polarization technique. Additionally, the results of the
high-statistics survey of the ε dependence of GEp/GMp

at Q2 = 2.5GeV2, obtained from the GEp(2γ) experi-
ment [106], which ran at the same time as the GEp(3)
experiment is shown as a magenta star in fig. 10, and is
in excellent agreement with the results from the GEp(1)
experiment in Hall A [7,8] at Q2 = 2.47GeV2.

The results of the three JLab GEp experiments are
the most precise measurements to date of the proton form

Fig. 10. All data for the ratio µpGEp/GMp obtained from
the three large Q2 recoil polarization experiments at JLab
(filled circle (blue) [8], filled star (magenta) [106], filled square
(red) [10] and filled triangle (black) [101]) compared to Rosen-
bluth separation data (green), open diamond [20], open cir-
cle [21], filled diamond [22]. The curve is the same as in figs. 8,
a 7 parameter fit given in eq. (44).

factor ratio in this range of Q2, hence they represent a very
significant advancement of the experimental knowledge of
the structure of the nucleon. The proton electromagnetic
form factor results from Jefferson Lab at high values of
the four-momentum transfer Q2 have had a big impact on
progress in hadronic physics; these results have required
a significant rethinking of nucleon structure which will be
discussed in the theory section.

3.2.2 Neutron form factors

The early measurements of the form factors of the neutron
are discussed in sect. 3.1.2; in this section only double-
polarization measurements are discussed. The recoil polar-
ization and beam-target asymmetry, both techniques that
have been used to measure GEp and GMp, also have been
used to measure GEn and GMn. However, as there are no
free neutron targets, measurements of GEn and GMn are
more difficult than GEp and GMp. To make these mea-
surements, complex light targets like 2H and 3He must
be used in quasi elastic scattering. First, the recoil polar-
ization experiments, and next the beam-target asymmetry
experiments to extract GEn, will be described.

The use of the recoil polarization technique to mea-
sure the neutron charge form factor was made first at the
MIT-Bates laboratory in the late 80’s using the exclu-
sive 2#H(#e, e′#n)p reaction [107]. The advantage of using a
deuteron target is that theoretical calculations predict the
extracted neutron form factor results to be insensitive to
effects like, final state interaction (FSI), meson exchange
currents (MEC), isobar configurations (IC), and to the

Gayou
Jones, Punjabi

Puckett

Meziane

vs.Polarization transfer
JLab (Hall A, C)

Rosenbluth separation
SLAC, JLab (Hall A, C)
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Proton form factors puzzle

possible explanation
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contradict the previously accepted belief that the ratio
µpGEp/GMp remains close to 1, a consensus based on the
Rosenbluth separation results up to 6GeV2, as illustrated
in fig. 9.
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bluth separation and polarization transfer, give defini-
tively different results; the difference cannot be bridged by
either simple re-normalization of the Rosenbluth data [57],
or by variation of the polarization data within the quoted
statistical and systematic uncertainties. This discrepancy
has been known for sometime now, and has been the sub-
ject of extensive discussion and investigation. A possible
explanation is the contribution from the hard two-photon
exchange process, which affects the polarization transfer
components at the level of only a few percent, but has
drastic effects on the Rosenbluth separation results. This
will be discussed in detail in sect. 3.3.

Following the unexpected results from the two first po-
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and GEp(2), a third experiment in Hall C, GEp(3), was
carried out to extend the Q2-range to ≈ 9GeV2. Two
new detectors were built to carry out this experiment: a
large solid-angle electromagnetic calorimeter and a dou-
ble focal plane polarimeter (FPP). The recoil protons
were detected in the high momentum spectrometer (HMS)
equipped with two new FPPs in series. The scattered elec-
trons were detected in a new lead glass calorimeter (Big-
Cal) built for this purpose out of 1744 glass bars, 4×4 cm2

each, and a length of 20X0, with a total frontal area of
2.6m2 which provided complete kinematical matching to
the HMS solid angle. This experiment was completed in
the spring of 2008 and measured the form factor ratio at
Q2 of 5.2, 6.7 and 8.5GeV2.

Figure 10 shows the results from the three JLab exper-
iments [7–10, 101], as the ratio µpGEp/GMp versus Q2.
The uncertainties shown for the recoil polarization data
are statistical only.

The striking feature of the results of the GEp(3) exper-
iment is the continued, strong and almost linear decrease
of the ratio with increasing Q2, albeit with some indica-
tion of a slowdown at the highest Q2. The GEp(3) overlap
point at 5.2 GeV2 is in good agreement with the two sur-
rounding points from the GEp(2) data [9,10]. The GEp(3)
experiment used a completely different apparatus in a Q2

range where direct comparison with the Hall A recoil po-
larization results from the GEp(2) experiment is possi-
ble. This comparison provides an important confirmation
of the reproducibility of the results obtained with the re-
coil polarization technique. Additionally, the results of the
high-statistics survey of the ε dependence of GEp/GMp

at Q2 = 2.5GeV2, obtained from the GEp(2γ) experi-
ment [106], which ran at the same time as the GEp(3)
experiment is shown as a magenta star in fig. 10, and is
in excellent agreement with the results from the GEp(1)
experiment in Hall A [7,8] at Q2 = 2.47GeV2.

The results of the three JLab GEp experiments are
the most precise measurements to date of the proton form

Fig. 10. All data for the ratio µpGEp/GMp obtained from
the three large Q2 recoil polarization experiments at JLab
(filled circle (blue) [8], filled star (magenta) [106], filled square
(red) [10] and filled triangle (black) [101]) compared to Rosen-
bluth separation data (green), open diamond [20], open cir-
cle [21], filled diamond [22]. The curve is the same as in figs. 8,
a 7 parameter fit given in eq. (44).

factor ratio in this range of Q2, hence they represent a very
significant advancement of the experimental knowledge of
the structure of the nucleon. The proton electromagnetic
form factor results from Jefferson Lab at high values of
the four-momentum transfer Q2 have had a big impact on
progress in hadronic physics; these results have required
a significant rethinking of nucleon structure which will be
discussed in the theory section.

3.2.2 Neutron form factors

The early measurements of the form factors of the neutron
are discussed in sect. 3.1.2; in this section only double-
polarization measurements are discussed. The recoil polar-
ization and beam-target asymmetry, both techniques that
have been used to measure GEp and GMp, also have been
used to measure GEn and GMn. However, as there are no
free neutron targets, measurements of GEn and GMn are
more difficult than GEp and GMp. To make these mea-
surements, complex light targets like 2H and 3He must
be used in quasi elastic scattering. First, the recoil polar-
ization experiments, and next the beam-target asymmetry
experiments to extract GEn, will be described.

The use of the recoil polarization technique to mea-
sure the neutron charge form factor was made first at the
MIT-Bates laboratory in the late 80’s using the exclu-
sive 2#H(#e, e′#n)p reaction [107]. The advantage of using a
deuteron target is that theoretical calculations predict the
extracted neutron form factor results to be insensitive to
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Proton form factors puzzle

possible explanation
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each, and a length of 20X0, with a total frontal area of
2.6m2 which provided complete kinematical matching to
the HMS solid angle. This experiment was completed in
the spring of 2008 and measured the form factor ratio at
Q2 of 5.2, 6.7 and 8.5GeV2.
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iments [7–10, 101], as the ratio µpGEp/GMp versus Q2.
The uncertainties shown for the recoil polarization data
are statistical only.

The striking feature of the results of the GEp(3) exper-
iment is the continued, strong and almost linear decrease
of the ratio with increasing Q2, albeit with some indica-
tion of a slowdown at the highest Q2. The GEp(3) overlap
point at 5.2 GeV2 is in good agreement with the two sur-
rounding points from the GEp(2) data [9,10]. The GEp(3)
experiment used a completely different apparatus in a Q2

range where direct comparison with the Hall A recoil po-
larization results from the GEp(2) experiment is possi-
ble. This comparison provides an important confirmation
of the reproducibility of the results obtained with the re-
coil polarization technique. Additionally, the results of the
high-statistics survey of the ε dependence of GEp/GMp

at Q2 = 2.5GeV2, obtained from the GEp(2γ) experi-
ment [106], which ran at the same time as the GEp(3)
experiment is shown as a magenta star in fig. 10, and is
in excellent agreement with the results from the GEp(1)
experiment in Hall A [7,8] at Q2 = 2.47GeV2.

The results of the three JLab GEp experiments are
the most precise measurements to date of the proton form

Fig. 10. All data for the ratio µpGEp/GMp obtained from
the three large Q2 recoil polarization experiments at JLab
(filled circle (blue) [8], filled star (magenta) [106], filled square
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factor ratio in this range of Q2, hence they represent a very
significant advancement of the experimental knowledge of
the structure of the nucleon. The proton electromagnetic
form factor results from Jefferson Lab at high values of
the four-momentum transfer Q2 have had a big impact on
progress in hadronic physics; these results have required
a significant rethinking of nucleon structure which will be
discussed in the theory section.

3.2.2 Neutron form factors

The early measurements of the form factors of the neutron
are discussed in sect. 3.1.2; in this section only double-
polarization measurements are discussed. The recoil polar-
ization and beam-target asymmetry, both techniques that
have been used to measure GEp and GMp, also have been
used to measure GEn and GMn. However, as there are no
free neutron targets, measurements of GEn and GMn are
more difficult than GEp and GMp. To make these mea-
surements, complex light targets like 2H and 3He must
be used in quasi elastic scattering. First, the recoil polar-
ization experiments, and next the beam-target asymmetry
experiments to extract GEn, will be described.

The use of the recoil polarization technique to mea-
sure the neutron charge form factor was made first at the
MIT-Bates laboratory in the late 80’s using the exclu-
sive 2#H(#e, e′#n)p reaction [107]. The advantage of using a
deuteron target is that theoretical calculations predict the
extracted neutron form factor results to be insensitive to
effects like, final state interaction (FSI), meson exchange
currents (MEC), isobar configurations (IC), and to the
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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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which is effectively point to point, reflected by the
error scaling, and a part which behaves systematically
as a function of the angle. The latter is estimated to be
below 0.1%.

(vi) The background estimation. Depending on the size of
the background below the elastic hydrogen peak this
error is estimated to be between 0.1% and 0.5%.

While the first point can be tested directly by fitting data
with varied cut-off energy, the other uncertainties have to be
treated by hand. To this end the cross sections are grouped
by the energy and by the spectrometer with which they are
measured. For each group, we define a linear function c(θ ) =
a(θ − θmin) interpolating from 0 for the smallest scattering
angle to the full estimated uncertainty at the maximum angle of
the group. The cross sections are then multiplied by 1 + c(θ ).
The sign of a was kept constant for all energies. The so-
modified cross sections were then refitted with the form-factor
models. In order to determine an upper and a lower bound
the fits were repeated with negated a. The uncertainties found
in this way are added quadratically to the uncertainties from
the radiative tail cutoff. The choice of a linear function in θ is
certainly arbitrary, but we checked several different reasonable
functional dependencies on θ and Q2, e.g., imitating the effect
of a spectrometer angle offset or target position offset. They
all produced similar results. The so-determined uncertainties
are reflected by the experimental systematic confidence bands
presented in this paper.

A possible source of uncertainty not from data but from
theory are the radiative corrections. The absolute value of the
radiative corrections should already be correct to better than
1% and a constant error in the correction will be absorbed
in the normalization. Any slope introduced as a function of
θ or Q2 by the radiation correction will be contained in the
slope-uncertainty discussed above up to a negligible residual;
it is therefore not considered.

In order to evaluate the influence of the applied Coulomb
correction, the amplitude of the correction was varied by
±50%. The so-modified cross sections are refitted with the
different models. The differences of the extracted form factors
to the results for the data with the unmodified correction are
shown as a band in Fig. 10.

Except for the phenomenological TPE model included in
the fit to the full data set, we do not include any theoretical
correction of the hard two-photon exchange to the cross sec-
tions in our analysis but apply Feshbach’s Coulomb correction.
Published Rosenbluth data normally do not include a Coulomb
correction. This has to be considered for comparisons of our
fits with old Rosenbluth separations.

3. Model dependence

An important issue is the question of whether the form-
factor functions are sufficiently flexible to be a suitable
estimator for the unknown true curve or whether they introduce
any bias, especially in the extraction of the radius. We have
studied this problem in two ways.

First, we used a Monte Carlo technique similar to the
method described in Sec. V D 1. We analyzed Monte Carlo
data sets produced at the kinematics of the data of the
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FIG. 10. (Color) The form factors GE and GM , normalized to the
standard dipole, and GE/GM as a function of Q2. Black line: Best fit
to the new Mainz data; blue area: statistical 68% pointwise confidence
band; light blue area: experimental systematic error; green outer band:
variation of the Coulomb correction by ±50%. The different data
points depict the previous measurements [2,4,43–45,47,48,50,53,55–
57,60,67,68,87–91] as in Refs. [2,4] with the data points of
Refs. [16,64,92] added.
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Laser spectroscopy of the Lamb shift (2S-2P energy difference) in light muonic atoms or ions, in
which one negative muon µ− is bound to a nucleus, has been performed. The measurements yield
significantly improved values of the root-mean-square charge radii of the nuclei, owing to the large
muon mass, which results in a vastly increased muon wave function overlap with the nucleus. The
values of the proton and deuteron radii are 10 and 3 times more accurate than the respective CODATA
values, but 7 standard deviations smaller. Data on muonic helium-3 and -4 ions is being analyzed and
will give new insights. In future, the (magnetic) Zemach radii of the proton and the helium-3 nuclei
will be determined from laser spectroscopy of the 1S hyperfine splittings, and the Lamb shifts of
muonic Li, Be and B can be used to improve the respective charge radii.
KEYWORDS: laser spectroscopy, Lamb shift, muonic atoms, proton, deuteron, charge radius

1. Introduction

When negative muons (µ−) are brought to rest in matter, they can form a muonic atom or ion
by ejecting all of the atom’s electrons [1]. Thus, a single muon is bound to a nucleus. The muonic
atom/ion will quickly deexcite, mostly ending in the 1S ground state. A few per cent of the muons can
reach the metastable 2S state, however. For light atoms, hydrogen to boron, the metastable 2S state
can have a lifetime of microseconds to tens of nanoseconds [2–4] that may make these metastable 2S
atoms susceptible to laser spectroscopy [5, 6].

For an isolated muonic atom/ion, the 2S lifetime is limited by the muon lifetime of 2.2µs, two-
photon decay to the 1S ground state, and nuclear muon capture, which is still small for light muonic
ions [7].

In a gaseous environment like H2, D2, He, etc., collisional effects may shorten the 2S lifetime [8].
Thus, our recent experiments in muonic hydrogen [9,10], muonic deuterium [11] and muonic helium
ions [12, 13] were performed at gas pressures around 1 hPa, where the 2S lifetimes are on the order
of 1 µs [3, 14].

(a) muonic hydrogen, µp (b) muonic deuterium, µd (c) muonic helium-4, (µ 4He)+
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Fig. 1. Sketch of the n = 2 levels in muonic hydrogen (left) and deuterium (center, not to scale) and muonic
helium-4 ions (right). The nuclear charge radius shifts the 2S level upwards, as indicated for muonic hydrogen.
The measured transitions are indicated. Muonic helium-3 ions, which were also measured, are not shown here.

The principle of the measurement is the to excite the 2S → 2P Lamb shift transition by a tunable

2

µH

A. Antognini et al. (2013)

⌫singlet

⌫triplet

EF

rE

rE, rM
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Lamb shift and hyperfine splitting in H8 Muonic Hydrogen Lamb shift

Figure 2.1: Schematic representation of the n = 2 energy levels in electronic hydrogen (left) and
muonic hydrogen (right). Note the different energy scales for the two atoms. The indicated 4 µeV
energy difference corresponds to the “classical” Lamb shift, dominated by the self–energy terms.
The vacuum polarization in muonic hydrogen attracts the 2S state below the 2P state. The laser
transition is indicated in red.

bound–state energy levels the reader is referred to Appendix A. This Appendix gives a
definition of Lamb shift, and presents the various contributions to the 1S Lamb shift in
hydrogen with emphasis on the self–energy and nuclear finite–size corrections.

2.1 Vacuum polarization

In the perturbative approach, QED corrections to the Dirac energy levels are derived
from the scattering approximation using Feynman diagrams. The scattering amplitudes
in momentum space are computed using Feynman rules. The Fourier transform of the
scattering amplitude which corresponds in coordinate space to the potential V (r) (in
first Born approximation) is then used to compute the energy level shift given by ∆E =
〈Ψ̄(r)|V (r)|Ψ(r)〉 where Ψ describes the atomic wave–function.

This approach is used to compute the effect of the vacuum polarization (VP). The
Feynman amplitude S corresponding to a one–photon Coulomb scattering of a lepton
with initial four–momentum p and final four–momentum p′ by an infinitely heavy nucleus
with form factor F (q2) is [22]

S = −u†(p′)u(p)V (q)(2π)4 δ4(p′ − p− q) (2.2)

where q is the four–momentum transfer and

V (q) = −4πZα
F (q)

q 2
=

∫
d3r V (r)e−iqr (2.3)

The Fourier transform for a point–like nucleus (F (q2) = 1) gives the Coulomb potential
V (r) = Zα/r. The effect of the vacuum polarization is best described by the modification

Lamb shift

2P fine structure

eH

- 1S HFS in μH with 1 ppm accuracy at PSI, J-PARC, RIKEN-RAL 

R. Pohl et al. (2016)
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2Ɣ hadronic correction 

C. Carlson, M. Vanderhaeghen (2011) + M. Birse, J. McGovern (2012)

�E2�
2P�2S = 33± 2 µeV

μH (2P-2S)

A. Antognini et al. (2013)

72 F. Hagelstein et al. / Progress in Particle and Nuclear Physics 88 (2016) 29–97

Fig. 6.1. The budget of the µH Lamb shift [226]. The TPE is displayed in blue; we give estimates for the elastic and polarizability contributions (unfilled
bars), as well as for the total TPE contribution (solid bar). The proton radius discrepancy (shown in red) amounts to 0.31 meV. The theoretical uncertainty
is estimated as 0.0025meV, cf. Eq. (6.6a). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

Fig. 6.2. 2S and 2P energy levels in µH. The two measured transition frequencies, ⌫t [24] and ⌫s [25], are indicated together with the Lamb shift, fine and
hyperfine structure, and finite-size effects. The main figure is drawn to scale. The inset zooms in on the 2P states. Here, the mixing of the 2PF=1-levels
shifts them by ±�.
Source: Plot courtesy of Aldo Antognini.

Theprotonpolarizability effects begin to contribute at order (Z↵)5m4
r . Theusualwayof calculating these effects is through

the two-photon exchange (TPE) diagram, see Section 6.3. The elastic effects beyond the charge radius (i.e., the contributions
of Friar and Zemach radii), together with some recoil corrections, are sometimes referred to as the ‘elastic TPE’. Therefore
the TPE effect is split into the ‘elastic’ and ‘polarizability’ contribution (see, e.g., Fig. 6.1).

6.1. Charge and Zemach radii from muonic hydrogen

Fig. 6.2 shows the n = 2 energy-level scheme of µH and the measured transitions, i.e.:

h⌫t = E(2PF=2
3/2 ) � E(2SF=1

1/2 ), (6.4a)

h⌫s = E(2PF=1
3/2 ) � E(2SF=0

1/2 ). (6.4b)

The obtained experimental values for the Lamb shift and the HFS [24,25,226],

Eexp
LS = 1/4 h⌫s + 3/4 h⌫t � EFS(2P) � 1/8 EHFS(2P3/2) � 1/4 � = 202.3706(23) meV, (6.5a)

Eexp
HFS(2S) = h⌫s � h⌫t + EHFS(2P3/2) � � = 22.8089(51) meV, (6.5b)

thus rely on the theoretical calculation of the fine and hyperfine splittings of the 2P-levels [227]:

- discrepancy: 310 µeV

- μH uncertainty: 2.5 µeV

2P-2S transition in μH

PSI, µH
Antognini et al.

H&D spectr
CODATA 2010

MAMI scatt
Bernauer et al

JLAB scatt
Zhan et al

<r2
E>,   fm

0.84 0.86 0.88 0.90 0.92

µH Lamb shift and 2Ɣ

- important to reduce ambiguities of 2Ɣ 
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Elastic electron-proton scattering

and two-photon exchange
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Scattering experiments and 2Ɣ

- 2Ɣ is not among standard radiative corrections

- charge radius insensitive to 2Ɣ model

- magnetic radius depends on 2Ɣ model

�exp ⌘ �1�(1 + �rad + �soft + �2�)

- soft-photon contribution is included

L.C. Maximon and J. A. Tjon (2000)
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- hard-photon contribution modelled by Feshbach correction 
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A1@MAMI: J. C. Bernauer et al. (2014)
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crossing-symmetric
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Elastic lepton-proton scattering and 2Ɣ

- 2Ɣ correction to cross section is given by amplitudes real parts
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p

l(k) l(k0)

p0

- electron-proton scattering: 3 structure amplitudes

- 2Ɣ correction to cross section is given by amplitudes real parts

Elastic lepton-proton scattering and 2Ɣ

K =
k + k0

2
P =

p+ p0

2

Tnon�flip =
e2

Q2
l̄�µl · N̄

 
GM (⌫, Q2)�µ � F2(⌫, Q

2)
Pµ

M
+ F3(⌫, Q

2)
K̂Pµ

M2

!
N

- real parts of all 2Ɣ amplitudes extracted at one point Q2=2.5 GeV2

J. Guttmann, N. Kivel, M. Meziane and M. Vanderhaeghen (2011)

Dm. Borisyuk and A. Kobushkin (2011)

I. A. Qattan (2017-2018)

P.A.M. Guichon and M. Vanderhaeghen (2003)
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at low momentum transfer
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box diagram 

assumption about the vertex

non-forward scattering

photoproduction vertex or Compton tensor



non-forward scattering
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box diagram 

assumption about the vertex

Dirac and Pauli form factors

ep scattering: P. G. Blunden, W. Melnitchouk and J. A. Tjon (2003)

�µ(Q2) = �µFD(Q2) +
i�µ⌫q⌫
2M

FP (Q
2)

violation of unitarity for resonances !
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box diagram 

non-forward scattering

forward doubly-virtual Compton tensor

works at small 

scattering angles

proton + inelastic = total

M. E. Christy, P. E. Bosted (2010)

unpolarized proton structure



Low-Q2 inelastic 2Ɣ correction (e-p)

- 2Ɣ at large    agrees with empirical fit

unpolarized proton structure

O. T. and M. Vanderhaeghen (2016)
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dispersion relationsbox diagram 

assumption about the vertex based on on-shell information

photoproduction vertex or Compton tensor

non-forward scattering
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2Ɣ prediction

Fixed-Q2 dispersion relation framework
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- πN is dominant inelastic 2Ɣ
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- near-forward 2Ɣ agree with data
- multi-particle 2Ɣ, e.g. ππN, is important
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- dispersion relations agree with CLAS data

elastic
elastic + πN
total 2 γ, near-forward

Comparison with data

VEPP-3 (2015)
CLAS (2016)

� 2
�
,% 0

0.5

−0.5

1.0

−1.0

Q2, GeV2
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

O. T., B. Pasquini and  M. Vanderhaeghen (2017)
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dispersion relationsbox diagram 

based on on-shell information

photoproduction vertex or Compton tensor

valid at small scattering

non-forward scattering
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Our best 2Ɣ knowledge

Q2 = 0.1 GeV2

- small Q2: near-forward at large   , all inelastic states 
- Q2≲1 GeV2: elastic+πN within dispersion relations 

dispersion 
near-forwardrelations

- intermediate range: interpolation

"

A1@MAMI
elastic + πN
total 2 γ, near-forward
interpolation

� 2
�
,
%

0

0.5

1.0

1.5

2.0

ε
0 0.2 0.4 0.6 0.8 1.0
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- 2Ɣ provides nontrivial hadronic radiative correction

Applications to nucleon form factors

K. Borah, G. Lee, R. J. Hill and O. T. (2020)

- first model-independent fits presenting covariance matrix

- proton charge radius as a constraint

BBBA: fit used in neutrino physics

z expansion fit

with 4-5 independent coefficients

A1@MAMI + rE (μH)
A1@MAMI + PRad

G
E/

G
di

p

0.98

0.99

1.00

Q2, GeV2
0 0.02 0.04 0.06 0.08 0.10

PRad data or μH charge radius ?

z(Q2) =

p
tcut +Q2 �

p
tcut � t0p

tcut +Q2 +
p
tcut � t0

<latexit sha1_base64="UTBaJp7QwRV7QYSX9HM53QN4BD0=">AAACSnicbZBLSwMxFIXv1Hd9jbp0EyxCRVpmqqAbQXTjUsFaoa1DJs20wczD5I5Qh/l9bly580e4caGIG9PahdZeCBzOOZckn59IodFxXqzC1PTM7Nz8QnFxaXll1V5bv9Jxqhivs1jG6tqnmksR8ToKlPw6UZyGvuQN//Z0kDfuudIiji6xn/B2SLuRCASjaCzPpg+kfHFT2yFHpBUoyrKWvlOYoZexFPNdE+WkQv6YFfScPJ9U3J1U9OySU3WGQ/4LdyRKMJpzz35udWKWhjxCJqnWTddJsJ1RhYJJnhdbqeYJZbe0y5tGRjTkup0NUeRk2zgdEsTKnAjJ0P29kdFQ637om2ZIsafHs4E5KWumGBy2MxElKfKI/VwUpJJgTAZcSUcozlD2jaBMCfNWwnrUEEVDv2gguONf/i+ualV3r1q72C8dn4xwzMMmbEEZXDiAYziDc6gDg0d4hXf4sJ6sN+vT+vqpFqzRzgb8mcL0N1P3s88=</latexit>

G(Q2) =
kmaxX

k=0

akz(Q
2)k

<latexit sha1_base64="Hhyy64rK95yANO5A9y4nu1gwk9M="></latexit>

A1@MAMI + rE (μH)
all scattering data
BBBA2005 fit

G
M

/(μ
p G

di
p)

0.96

1.00

1.04

1.08

Q2, GeV2
0 0.2 0.4 0.6 0.8 1.0
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Applications to nucleon form factors

K. Borah, G. Lee, R. J. Hill and O. T. (2020)

BBBA: fit used in neutrino physics

z expansion fit

with 4-5 independent coefficients

A1@MAMI + rE (μH)
A1@MAMI + PRad

G
E/

G
di

p

0.98

0.99

1.00

Q2, GeV2
0 0.02 0.04 0.06 0.08 0.10

PRad data or μH charge radius ?

z(Q2) =

p
tcut +Q2 �

p
tcut � t0p

tcut +Q2 +
p
tcut � t0

<latexit sha1_base64="UTBaJp7QwRV7QYSX9HM53QN4BD0=">AAACSnicbZBLSwMxFIXv1Hd9jbp0EyxCRVpmqqAbQXTjUsFaoa1DJs20wczD5I5Qh/l9bly580e4caGIG9PahdZeCBzOOZckn59IodFxXqzC1PTM7Nz8QnFxaXll1V5bv9Jxqhivs1jG6tqnmksR8ToKlPw6UZyGvuQN//Z0kDfuudIiji6xn/B2SLuRCASjaCzPpg+kfHFT2yFHpBUoyrKWvlOYoZexFPNdE+WkQv6YFfScPJ9U3J1U9OySU3WGQ/4LdyRKMJpzz35udWKWhjxCJqnWTddJsJ1RhYJJnhdbqeYJZbe0y5tGRjTkup0NUeRk2zgdEsTKnAjJ0P29kdFQ637om2ZIsafHs4E5KWumGBy2MxElKfKI/VwUpJJgTAZcSUcozlD2jaBMCfNWwnrUEEVDv2gguONf/i+ualV3r1q72C8dn4xwzMMmbEEZXDiAYziDc6gDg0d4hXf4sJ6sN+vT+vqpFqzRzgb8mcL0N1P3s88=</latexit>

G(Q2) =
kmaxX

k=0

akz(Q
2)k

<latexit sha1_base64="Hhyy64rK95yANO5A9y4nu1gwk9M="></latexit>

- inclusion of PRad data is consistent with μH constant
- significant difference in magnetic form factor propagates to observables

A1@MAMI + rE (μH)
all scattering data
BBBA2005 fit

G
M

/(μ
p G

di
p)

0.96

1.00

1.04

1.08

Q2, GeV2
0 0.2 0.4 0.6 0.8 1.0



44

Elastic muon-proton scattering

and two-photon exchange
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- μp elastic scattering is planned by MUSE@PSI(ongoing) 

- 2Ɣ correction in MUSE ?

μp scattering ????

ep scattering

μH, μD spectroscopy

eH, eD spectroscopy

- charge radius extractions:

measure with both electron/muon charges 

Elastic muon-proton scattering

- three nominal beam energies: 115, 153, 210 MeV, Q2 < 0.1 GeV2
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p

l(k) l(k0)

p0

- electron-proton scattering: 3 structure amplitudes

- 2Ɣ correction to cross section is given by amplitudes real parts

Elastic lepton-proton scattering and 2Ɣ

K =
k + k0

2
P =

p+ p0

2

Tnon�flip =
e2

Q2
l̄�µl · N̄

 
GM (⌫, Q2)�µ � F2(⌫, Q

2)
Pµ

M
+ F3(⌫, Q

2)
K̂Pµ

M2

!
N

P.A.M. Guichon and M. Vanderhaeghen (2003)
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M. Gorchtein, P.A.M. Guichon and M. Vanderhaeghen (2004)

p

l(k) l(k0)

p0

- electron-proton scattering: 3 structure amplitudes

- muon-proton scattering: add helicity-flip amplitudes

- 2Ɣ correction to cross section is given by amplitudes real parts

Elastic lepton-proton scattering and 2Ɣ

K =
k + k0

2
P =

p+ p0

2

Tnon�flip =
e2

Q2
l̄�µl · N̄

 
GM (⌫, Q2)�µ � F2(⌫, Q

2)
Pµ

M
+ F3(⌫, Q

2)
K̂Pµ

M2

!
N

Tflip =
e2

Q2

m

M
l̄l · N̄

 
F4(⌫, Q

2) + F5(⌫, Q
2)

K̂

M

!
N +

e2

Q2

m

M
F6(⌫, Q

2)l̄�5l · N̄�5N

P.A.M. Guichon and M. Vanderhaeghen (2003)
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Dispersion relation approach?

�2� ! 0

- proton state contribution to 2Ɣ:

- dispersion relation approach requires a subtraction

unsubtracted approach
µ�p

violates low-Q2 behavior

- problematic amplitude: F4
l̄l · N̄N

structure

� 2
�
,%

box diagram model
unsubtracted dispersion relations

k = 153 MeV
−0.5

0

0.5

Q2, GeV2
0 0.01 0.02 0.03 0.04

k = 153 MeV

O. T. and M. Vanderhaeghen (2018)



- expected muon over electron ratio

K. Mesick talk (PAVI 2014), MUSE TDR (2016)

- proton box diagram model + inelastic 2Ɣ

O. T. and M. Vanderhaeghen (2014, 2016)

- MUSE can test rE in

small inelastic 2Ɣ

small 2Ɣ uncertainty

one charge channel

49

� 2
�
,
%

box diagram model, μ-p
total, μ-p
total, e-p

0

0.5

1.0

Q2, GeV2
0 0.010 0.0200.005 0.015 0.025

� 2
�
,
%

0

0.5

1.0

Q2, GeV2
0 0.02 0.04 0.06 0.08

MUSE@PSI (2018-19) estimates (  -p)µ

k = 115 MeV k = 210 MeV
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COMPASS proton radius experiment
µ

- measure                  at forward angles G2
E + ⌧G2

M

- data taking in 2022

- elastic    p scattering at SPS with 100 GeV beam
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COMPASS proton radius experiment

- measure                  at forward angles 

- inelastic states: kinematically enhanced

- sub per mille level of 2Ɣ in COMPASS kinematics

G2
E + ⌧G2

M

2Ɣ corrections?
- Feshbach correction (+ recoil)

�2� =
↵⇡Q

2!

⇣
1 +

m

M

⌘
2-3 orders below MUSE

- elastic    p scattering at SPS with 100 GeV beamµ

- data taking in 2022
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COMPASS proton radius experiment

- measure                  at forward angles 

- inelastic states: kinematically enhanced

- sub per mille level of 2Ɣ in COMPASS kinematics

G2
E + ⌧G2

M

2Ɣ corrections?
- Feshbach correction (+ recoil)

�2� =
↵⇡Q

2!

⇣
1 +

m

M

⌘
2-3 orders below MUSE

- elastic    p scattering at SPS with 100 GeV beamµ

- data taking in 2022
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p1

p

p3

p4

p
′

p1

p3

p4

p2

p p
′

p2

- universality test by lepton-pair photoproduction:

𝛾p -> l+l-p@MAMI

! = 0.5� 1.5 GeV

normalisation and proton structure errors are suppressed

Q2 = 0.0018� 0.042 GeV2

�(e+e�) + �(µ+µ�)

�(e+e�)

below and above
muon threshold

l+ l+

l�l�

��

p p p p

Lepton-pair production

- 2Ɣ vanishes averaging over lepton angles
- one-loop QED is calculated

M. Heller, O. T., M. Vanderhaeghen and Sh. Wu (2018-2019)

Vl. Pauk and M. Vanderhaeghen (2015)

radiative corrections are presented in analytic form
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Hyperfine splitting in ordinary 

and muonic hydrogen
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2Ɣ correction to µH HFS

- reduction of uncertainty is needed

before 2017

�E2�
HFS

= �HFSEF EF =
8↵4

3

M2m2

(M +m)3
µP

n3

expected 1S HFS in μH
2S HFS in μH, CREMA

Carlson et al.
Martynenko et al.

Pachucki

μH

103 ΔHFS

−7.0 −6.5 −6.0
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Zemach term
recoil correction

polarizability
GE, GM GE, GM

F2, g1, g2

- traditional decomposition of 2𝛾:

�HFS = �Z + �R + �pol

Hyperfine splitting correction

> 100 ppm 100 ppm< 10 ppm
- uncertainty budget:

�Z =
8↵mr

⇡

1Z

0

dQ

Q2

 
GM

�
Q2
�
GE

�
Q2
�

µP
� 1

!- leading correction:



57

Zemach correction in µH

- dependence on splitting: consistency check

- Zemach correction expanding form factors:

- 95 ppm change for μH and ep radii with Q0 = 0.2 GeV

�Z =
8↵mr

⇡

1Z

Q0

dQ

Q2

 
GM

�
Q2
�
GE

�
Q2
�

µP
� 1

!
+

4↵mrQ0

3⇡

✓
�r2E � r2M +

r2Er
2
M

18
Q2

0

◆

dependence on Q2
0

ΔZ,  Q0 = 0

rE from μH10
3  ×
Δ

Z

−7.5

−7.4

−7.3

Q2
0, GeV2

0 0.02 0.04 0.06 0.08

dependence on Q2
0

ΔZ,  Q0 = 0

rE from ep scattering

10
3  ×
Δ

Z

−7.5

−7.4

−7.3

Q2
0, GeV2

0 0.02 0.04 0.06 0.08

- 1.5-2 times more precise
- magnetic radius is equally important

extraction of radii by Karshenboim (2014)

O. T. (2017)
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2Ɣ correction in eH 1S HFS

- measurements of 1S HFS in eH (21 cm line):

1970th⌫HFS(H) = 1420.4057517667(9) MHz

Pioneer plaque, from Wikipedia
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- dispersive evaluation and phenomenological extractions agree

- measurements of 1S HFS in eH (21 cm line):

- accuracy 10-12     -      precise extraction of 2Ɣ

error
↵�HFS

higher order  

M. I. Eides et al. (2008)
A. P.  Martynenko et al.

corrections

1970th⌫HFS(H) = 1420.4057517667(9) MHz

A1@MAMI data

2Ɣ correction in eH 1S HFS

using RE from ep
using RE from μH
Carlson et al.

Δpol, Faustov et al.
ΔZ+ΔR, Bodwin et al.
1S HFS measurement

eH

106 ΔHFS

−34 −33 −32 −31

JLab
<latexit sha1_base64="B/eCrKb4TV/pbxW6k+hvX6H5OtQ=">AAAB9HicdVDNSsNAGNzUv1r/qh69LBbBU0jS1rS3ohcRDxVsLbShbLabdulmE3c3hRL6HF48KOLVh/Hm27hpK6jowMIw8318s+PHjEplWR9GbmV1bX0jv1nY2t7Z3SvuH7RllAhMWjhikej4SBJGOWkpqhjpxIKg0Gfkzh9fZP7dhAhJI36rpjHxQjTkNKAYKS15vRCpkQjTq2vkz/rFkmU6dbduV6FlWtVKzXUz4tTP7DK0TWuOElii2S++9wYRTkLCFWZIyq5txcpLkVAUMzIr9BJJYoTHaEi6mnIUEuml89AzeKKVAQwioR9XcK5+30hRKOU09PVkFlL+9jLxL6+bqKDmpZTHiSIcLw4FCYMqglkDcEAFwYpNNUFYUJ0V4hESCCvdU0GX8PVT+D9pO6ZdNp2bSqlxvqwjD47AMTgFNnBBA1yCJmgBDO7BA3gCz8bEeDRejNfFaM5Y7hyCHzDePgFuApKL</latexit>
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- dispersive evaluation and phenomenological extractions agree

- measurements of 1S HFS in eH (21 cm line):

- accuracy 10-12     -      precise extraction of 2Ɣ

error
↵�HFS

higher order  
corrections

1970th⌫HFS(H) = 1420.4057517667(9) MHz

A1@MAMI data

2Ɣ correction in eH 1S HFS

using RE from ep
using RE from μH
Carlson et al.

Δpol, Faustov et al.
ΔZ+ΔR, Bodwin et al.
1S HFS measurement

eH

106 ΔHFS

−34 −33 −32 −31

M. I. Eides et al. (2008)
A. P.  Martynenko et al.

JLab
<latexit sha1_base64="B/eCrKb4TV/pbxW6k+hvX6H5OtQ=">AAAB9HicdVDNSsNAGNzUv1r/qh69LBbBU0jS1rS3ohcRDxVsLbShbLabdulmE3c3hRL6HF48KOLVh/Hm27hpK6jowMIw8318s+PHjEplWR9GbmV1bX0jv1nY2t7Z3SvuH7RllAhMWjhikej4SBJGOWkpqhjpxIKg0Gfkzh9fZP7dhAhJI36rpjHxQjTkNKAYKS15vRCpkQjTq2vkz/rFkmU6dbduV6FlWtVKzXUz4tTP7DK0TWuOElii2S++9wYRTkLCFWZIyq5txcpLkVAUMzIr9BJJYoTHaEi6mnIUEuml89AzeKKVAQwioR9XcK5+30hRKOU09PVkFlL+9jLxL6+bqKDmpZTHiSIcLw4FCYMqglkDcEAFwYpNNUFYUJ0V4hESCCvdU0GX8PVT+D9pO6ZdNp2bSqlxvqwjD47AMTgFNnBBA1yCJmgBDO7BA3gCz8bEeDRejNfFaM5Y7hyCHzDePgFuApKL</latexit>
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Zemach term
recoil correction

polarizability
GE, GM GE, GM

- traditional decomposition of 2𝛾:

Hyperfine splitting correction

> 100 ppm 100 ppm< 10 ppm
- uncertainty budget:

�Z =
8↵mr

⇡

1Z

0

dQ

Q2

 
GM

�
Q2
�
GE

�
Q2
�

µP
� 1

!- leading correction:

�pol ⇠ mr

�E2�
HFS

= �HFSEF

�HFS = �Z + �R + �pol

FP, g1, g2
<latexit sha1_base64="oKJq7/PKvF6J9826Qq5rsAXxXcY=">AAACCHicdVDLSsNAFJ34rPUVdenCwSK4kJCk1dZdURCXFewD2hAm02k7dPJgZiKUkKUbf8WNC0Xc+gnu/BsnbQoqemCGwzn3cu89XsSokKb5qS0sLi2vrBbWiusbm1vb+s5uS4Qxx6SJQxbyjocEYTQgTUklI52IE+R7jLS98WXmt+8IFzQMbuUkIo6PhgEdUIykklz9oOcjOeJ+cpW6c9pIT+DQtbLPdvWSaZhTQNOwa6dVq6KIaZ+fWWVo5VYJ5Gi4+kevH+LYJ4HEDAnRtcxIOgnikmJG0mIvFiRCeIyGpKtogHwinGR6SAqPlNKHg5CrF0g4Vb93JMgXYuJ7qjLbVfz2MvEvrxvLQc1JaBDFkgR4NmgQMyhDmKUC+5QTLNlEEYQ5VbtCPEIcYamyK6oQ5pfC/0nLNqyyYd9USvWLPI4C2AeH4BhYoArq4Bo0QBNgcA8ewTN40R60J+1Ve5uVLmh5zx74Ae39C/zTmUs=</latexit>
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Zemach term
recoil correction

polarizability
GE, GM GE, GM

- traditional decomposition of 2𝛾:

�HFS = �Z + �R + �pol

Hyperfine splitting correction

> 100 ppm 100 ppm< 10 ppm
- uncertainty budget:

- Zemach correction vanishes and polarizability term is almost 0

�Z =
8↵mr

⇡

1Z

0

dQ

Q2

 
GM

�
Q2
�
GE

�
Q2
�

µP
� 1

!- leading correction:

�HFS(µH) =
mr(mµ)

mr(me)
�HFS (eH)+�th

HFS
(mµ)�

mr(mµ)

mr(me)
�th

HFS
(me)

- μH splitting from eH:

�pol ⇠ mr

�E2�
HFS

= �HFSEF

FP, g1, g2
<latexit sha1_base64="oKJq7/PKvF6J9826Qq5rsAXxXcY=">AAACCHicdVDLSsNAFJ34rPUVdenCwSK4kJCk1dZdURCXFewD2hAm02k7dPJgZiKUkKUbf8WNC0Xc+gnu/BsnbQoqemCGwzn3cu89XsSokKb5qS0sLi2vrBbWiusbm1vb+s5uS4Qxx6SJQxbyjocEYTQgTUklI52IE+R7jLS98WXmt+8IFzQMbuUkIo6PhgEdUIykklz9oOcjOeJ+cpW6c9pIT+DQtbLPdvWSaZhTQNOwa6dVq6KIaZ+fWWVo5VYJ5Gi4+kevH+LYJ4HEDAnRtcxIOgnikmJG0mIvFiRCeIyGpKtogHwinGR6SAqPlNKHg5CrF0g4Vb93JMgXYuJ7qjLbVfz2MvEvrxvLQc1JaBDFkgR4NmgQMyhDmKUC+5QTLNlEEYQ5VbtCPEIcYamyK6oQ5pfC/0nLNqyyYd9USvWLPI4C2AeH4BhYoArq4Bo0QBNgcA8ewTN40R60J+1Ve5uVLmh5zx74Ae39C/zTmUs=</latexit>
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- error of 2𝛾 is significantly reduced

100-200 ppm → 20 ppm 

2Ɣ correction in µH from eH HFS

with 1S HFS in eH
using RE from ep
using RE from μH

Peset et al.
2S HFS in μH, CREMA
Carlson et al.

Martynenko et al.
Pachucki

μH

103 ΔHFS

−7.0 −6.5 −6.0
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2Ɣ correction in µH from eH HFS

- precise S-level HFS prediction

100-200 ppm → 49 ppm 

A1@MAMI data

O. T. (2018, 2019)
EHFS

1S
= 182.625± 0.012 meV

with 1S HFS in eH
using RE from ep
using RE from μH

Peset et al.
2S HFS in μH, CREMA
Carlson et al.

Martynenko et al.
Pachucki

μH

103 ΔHFS

−7.0 −6.5 −6.0

JLab
<latexit sha1_base64="B/eCrKb4TV/pbxW6k+hvX6H5OtQ=">AAAB9HicdVDNSsNAGNzUv1r/qh69LBbBU0jS1rS3ohcRDxVsLbShbLabdulmE3c3hRL6HF48KOLVh/Hm27hpK6jowMIw8318s+PHjEplWR9GbmV1bX0jv1nY2t7Z3SvuH7RllAhMWjhikej4SBJGOWkpqhjpxIKg0Gfkzh9fZP7dhAhJI36rpjHxQjTkNKAYKS15vRCpkQjTq2vkz/rFkmU6dbduV6FlWtVKzXUz4tTP7DK0TWuOElii2S++9wYRTkLCFWZIyq5txcpLkVAUMzIr9BJJYoTHaEi6mnIUEuml89AzeKKVAQwioR9XcK5+30hRKOU09PVkFlL+9jLxL6+bqKDmpZTHiSIcLw4FCYMqglkDcEAFwYpNNUFYUJ0V4hESCCvdU0GX8PVT+D9pO6ZdNp2bSqlxvqwjD47AMTgFNnBBA1yCJmgBDO7BA3gCz8bEeDRejNfFaM5Y7hyCHzDePgFuApKL</latexit>
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1S-2S splitting in hydrogen
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1S-2S transition in hydrogen and 2Ɣ

2010th
A. Matveev et al. (2013)

⌫1S�2S(H) = 2466061413187018(11) Hz
<latexit sha1_base64="YpQF1SkOVUoewTo19z9n+EDQYX8="></latexit>

� �

⌫nS = �R1
n2

+
L1S(rE)

n3
<latexit sha1_base64="Cba72GEdHEHhAR0NZHqgcAp7xnM="></latexit>

- measurements of 1S-2S transition in eH with 4x10-15 accuracy:

- main input to determine Rydberg constant

- more precise than recent Lamb shift measurement (error: 3.2 kHz)
N. Bezginov et al. (2019)
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1S-2S transition in hydrogen and 2Ɣ

2010th⌫1S�2S(H) = 2466061413187018(11) Hz
<latexit sha1_base64="YpQF1SkOVUoewTo19z9n+EDQYX8="></latexit>

Born subtraction inelastic
GE, GM F1,F2

<latexit sha1_base64="cH8RhKdnRue/5nGlvWqcyOlqC0M=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkKSVlt3RUFcVrAPaEOYTCft0MmDmYlQQnHjr7hxoYhbv8Kdf+OkjVBFDwycOede7r3HixkV0jQ/tYXFpeWV1cJacX1jc2tb39ltiSjhmDRxxCLe8ZAgjIakKalkpBNzggKPkbY3usz89h3hgkbhrRzHxAnQIKQ+xUgqydX3ewGSQx6kVxPXOpn72K5eMg1zCmgadu20alUUMe3zM6sMrdwqgRwNV//o9SOcBCSUmCEhupYZSydFXFLMyKTYSwSJER6hAekqGqKACCednjCBR0rpQz/i6oUSTtX5jhQFQowDT1VmO4rfXib+5XUT6declIZxIkmIZ4P8hEEZwSwP2KecYMnGiiDMqdoV4iHiCEuVWlGF8H0p/J+0bMMqG/ZNpVS/yOMogANwCI6BBaqgDq5BAzQBBvfgETyDF+1Be9JetbdZ6YKW9+yBH9DevwBf25ds</latexit>T1
<latexit sha1_base64="pDyjm87UdtBkdbD6zoULylghb1k=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4Gmbaauuu6MZlhb6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x046gogcCh3Pu5Z6cIGZUacf5sApr6xubW8Xt0s7u3v5B+fCop6JEYtLFEYvkIECKMCpIV1PNyCCWBPGAkX4wu8n8/j2Rikaio+cx8TmaCBpSjLSRPI8jPZU87SxG7qhccWxnCejY1eZFw60b4lSvLt0adHOrAnK0R+V3bxzhhBOhMUNKDV0n1n6KpKaYkUXJSxSJEZ6hCRkaKhAnyk+XmRfwzChjGEbSPKHhUv2+kSKu1JwHZjLLqH57mfiXN0x02PRTKuJEE4FXh8KEQR3BrAA4ppJgzeaGICypyQrxFEmEtampZEr4+in8n/Sqtluzq3f1Sus6r6MITsApOAcuaIAWuAVt0AUYxOABPIFnK7EerRfrdTVasPKdY/AD1tsnXMyR5w==</latexit>

rE from μH:   -39.9(6.8) Hz
18.5(4.4) Hz

-83.6(5.7) Hz
average rE:   -44.1(9.6) Hz

- measurements of 1S-2S transition in eH with 4x10-15 accuracy:

⌫2�nS = ⌫Born + ⌫subt + ⌫inel
<latexit sha1_base64="ijrXgSjjFjFkjaZMr4maTy7ppf0="></latexit>

O. T.  and M. Vanderhaeghen (2015)

- more precise than recent Lamb shift measurement (error: 3.2 kHz)
A. Matveev et al. (2013)

N. Bezginov et al. (2019)



68

1S-2S transition in hydrogen and 2Ɣ

2010th⌫1S�2S(H) = 2466061413187018(11) Hz
<latexit sha1_base64="YpQF1SkOVUoewTo19z9n+EDQYX8="></latexit>

- 2𝛾 uncertainty is at the level of experimental precision

Born subtraction inelastic
GE, GM F1,F2

<latexit sha1_base64="cH8RhKdnRue/5nGlvWqcyOlqC0M=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkKSVlt3RUFcVrAPaEOYTCft0MmDmYlQQnHjr7hxoYhbv8Kdf+OkjVBFDwycOede7r3HixkV0jQ/tYXFpeWV1cJacX1jc2tb39ltiSjhmDRxxCLe8ZAgjIakKalkpBNzggKPkbY3usz89h3hgkbhrRzHxAnQIKQ+xUgqydX3ewGSQx6kVxPXOpn72K5eMg1zCmgadu20alUUMe3zM6sMrdwqgRwNV//o9SOcBCSUmCEhupYZSydFXFLMyKTYSwSJER6hAekqGqKACCednjCBR0rpQz/i6oUSTtX5jhQFQowDT1VmO4rfXib+5XUT6declIZxIkmIZ4P8hEEZwSwP2KecYMnGiiDMqdoV4iHiCEuVWlGF8H0p/J+0bMMqG/ZNpVS/yOMogANwCI6BBaqgDq5BAzQBBvfgETyDF+1Be9JetbdZ6YKW9+yBH9DevwBf25ds</latexit>T1
<latexit sha1_base64="pDyjm87UdtBkdbD6zoULylghb1k=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4Gmbaauuu6MZlhb6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x046gogcCh3Pu5Z6cIGZUacf5sApr6xubW8Xt0s7u3v5B+fCop6JEYtLFEYvkIECKMCpIV1PNyCCWBPGAkX4wu8n8/j2Rikaio+cx8TmaCBpSjLSRPI8jPZU87SxG7qhccWxnCejY1eZFw60b4lSvLt0adHOrAnK0R+V3bxzhhBOhMUNKDV0n1n6KpKaYkUXJSxSJEZ6hCRkaKhAnyk+XmRfwzChjGEbSPKHhUv2+kSKu1JwHZjLLqH57mfiXN0x02PRTKuJEE4FXh8KEQR3BrAA4ppJgzeaGICypyQrxFEmEtampZEr4+in8n/Sqtluzq3f1Sus6r6MITsApOAcuaIAWuAVt0AUYxOABPIFnK7EerRfrdTVasPKdY/AD1tsnXMyR5w==</latexit>

rE from μH:   -39.9(6.8) Hz
18.5(4.4) Hz

-83.6(5.7) Hz

- 2𝛾 shifts 1S level by -109.2(12.0) Hz

average rE:   -44.1(9.6) Hz

- measurements of 1S-2S transition in eH with 4x10-15 accuracy:

⌫2�nS = ⌫Born + ⌫subt + ⌫inel
<latexit sha1_base64="ijrXgSjjFjFkjaZMr4maTy7ppf0="></latexit>

- more precise than recent Lamb shift measurement (error: 3.2 kHz)

O. T. (2019)

A. Matveev et al. (2013)

N. Bezginov et al. (2019)

O. T.  and M. Vanderhaeghen (2015)
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Lamb shift from 2Ɣ on nucleons
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2Ɣ to Lamb shift on neutrons

- neutral neutron vs charged proton differs in Born contribution 

Born subtraction inelastic
GE, GM F1,F2

<latexit sha1_base64="cH8RhKdnRue/5nGlvWqcyOlqC0M=">AAACAnicdVDLSsNAFJ34rPUVdSVuBovgQkKSVlt3RUFcVrAPaEOYTCft0MmDmYlQQnHjr7hxoYhbv8Kdf+OkjVBFDwycOede7r3HixkV0jQ/tYXFpeWV1cJacX1jc2tb39ltiSjhmDRxxCLe8ZAgjIakKalkpBNzggKPkbY3usz89h3hgkbhrRzHxAnQIKQ+xUgqydX3ewGSQx6kVxPXOpn72K5eMg1zCmgadu20alUUMe3zM6sMrdwqgRwNV//o9SOcBCSUmCEhupYZSydFXFLMyKTYSwSJER6hAekqGqKACCednjCBR0rpQz/i6oUSTtX5jhQFQowDT1VmO4rfXib+5XUT6declIZxIkmIZ4P8hEEZwSwP2KecYMnGiiDMqdoV4iHiCEuVWlGF8H0p/J+0bMMqG/ZNpVS/yOMogANwCI6BBaqgDq5BAzQBBvfgETyDF+1Be9JetbdZ6YKW9+yBH9DevwBf25ds</latexit>T1
<latexit sha1_base64="pDyjm87UdtBkdbD6zoULylghb1k=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4Gmbaauuu6MZlhb6gM5RMmmlDk8yQZIQy9DfcuFDErT/jzr8x046gogcCh3Pu5Z6cIGZUacf5sApr6xubW8Xt0s7u3v5B+fCop6JEYtLFEYvkIECKMCpIV1PNyCCWBPGAkX4wu8n8/j2Rikaio+cx8TmaCBpSjLSRPI8jPZU87SxG7qhccWxnCejY1eZFw60b4lSvLt0adHOrAnK0R+V3bxzhhBOhMUNKDV0n1n6KpKaYkUXJSxSJEZ6hCRkaKhAnyk+XmRfwzChjGEbSPKHhUv2+kSKu1JwHZjLLqH57mfiXN0x02PRTKuJEE4FXh8KEQR3BrAA4ppJgzeaGICypyQrxFEmEtampZEr4+in8n/Sqtluzq3f1Sus6r6MITsApOAcuaIAWuAVt0AUYxOABPIFnK7EerRfrdTVasPKdY/AD1tsnXMyR5w==</latexit>

- forward 2𝛾 on nucleons contributes to Lamb shift

⌫2�nS = ⌫Born + ⌫subt + ⌫inel
<latexit sha1_base64="ijrXgSjjFjFkjaZMr4maTy7ppf0="></latexit>

- neutron magnetic form factor determines Born contribution 

- 2𝛾 on nucleons in electronic and muonic nuclei

ep, Hz en, Hz

Born -39.9(6.8) 9.4(0.6)

subtraction 18.5(4.4) 28.8(10.2)

inelastic -83.6(5.7) -81.7(8.4)

total -109.2(12.0) -43.5(13.2)

⌫2�1S
<latexit sha1_base64="x43/17wWQwmm4LNRRpdyuspRwsA="></latexit>

O. T.  and M. Vanderhaeghen (2015)

O. T. (2019)
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HFS from 2Ɣ on nucleons
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2Ɣ to HFS on neutrons

Zemach term
recoil correction

polarizability
GE, GM GE, GM

- traditional decomposition of 2𝛾:

- leading correction:

- Zemach radius expanding form factors:

- dependence on splitting value: consistency check

rZ = � 4

⇡

1Z

0

dQ

Q2

GM

�
Q2

�
GE

�
Q2

�

µn
<latexit sha1_base64="ZYmQ31S1IKwfJ3ofdrZi0knjjZM="></latexit>

FP, g1, g2
<latexit sha1_base64="oKJq7/PKvF6J9826Qq5rsAXxXcY=">AAACCHicdVDLSsNAFJ34rPUVdenCwSK4kJCk1dZdURCXFewD2hAm02k7dPJgZiKUkKUbf8WNC0Xc+gnu/BsnbQoqemCGwzn3cu89XsSokKb5qS0sLi2vrBbWiusbm1vb+s5uS4Qxx6SJQxbyjocEYTQgTUklI52IE+R7jLS98WXmt+8IFzQMbuUkIo6PhgEdUIykklz9oOcjOeJ+cpW6c9pIT+DQtbLPdvWSaZhTQNOwa6dVq6KIaZ+fWWVo5VYJ5Gi4+kevH+LYJ4HEDAnRtcxIOgnikmJG0mIvFiRCeIyGpKtogHwinGR6SAqPlNKHg5CrF0g4Vb93JMgXYuJ7qjLbVfz2MvEvrxvLQc1JaBDFkgR4NmgQMyhDmKUC+5QTLNlEEYQ5VbtCPEIcYamyK6oQ5pfC/0nLNqyyYd9USvWLPI4C2AeH4BhYoArq4Bo0QBNgcA8ewTN40R60J+1Ve5uVLmh5zx74Ae39C/zTmUs=</latexit>

rN2� = rZ + rR + rpol
<latexit sha1_base64="F4l/lQaRJw20KfD19k2fv+RmuuU="></latexit>

�E2�
HFS

⇠ ~sl <
X

µN~sNr
N

2� >
<latexit sha1_base64="iDG/luLsguA5eP3Gbp/tWx0/9n0="></latexit>

rZ = � 4

⇡

1Z

Q0

dQ

Q2

GM

�
Q2

�
GE

�
Q2

�

µn
+

2Q0r2E
3⇡

✓
1� r2M

18
Q2

0

◆

<latexit sha1_base64="pEZuPGlA1hLVZ4mg03Ypp9G26ZA="></latexit>

extraction of radii by S. G. Karshenboim (2014)

O. T. (2017)

calculation of rZ for proton by O. T. (2017)
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2Ɣ to HFS on neutrons

- two form factor parametrizations are valid for rZ calculation

GE, GM, Z. Ye, J. Arington, R. J. Hill and G. Lee

GE, GM, J. J. Kellyr Z
, f

m

−0.09

−0.08

−0.07

−0.06

−0.05

−0.04

−0.03

Q2
0, GeV2

0 0.01 0.02 0.03

- Zemach radius expanding form factors:

extraction of radii by S. G. Karshenboim (2014)

- dependence on splitting value: consistency check
O. T. (2017, 2019)

calculation of rZ for proton by O. T. (2017)

rZ = � 4

⇡

1Z

Q0

dQ

Q2

GM

�
Q2

�
GE

�
Q2

�

µn
+

2Q0r2E
3⇡

✓
1� r2M

18
Q2

0

◆

<latexit sha1_base64="pEZuPGlA1hLVZ4mg03Ypp9G26ZA="></latexit>
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2Ɣ to HFS on neutrons vs protons

- effective radii e vs μ are distinct for neutron

- proton effective radii are the same for e and μ:
ep, fm μp, fm

Zemach 1.055(13) 1.055(13)

recoil -0.1411(14) -0.1203(8)

polarizability -0.051(13) -0.052(13)

total 0.863(20) 0.883(19)

⌫2�
HFS

<latexit sha1_base64="PPk//nzjfIlxCIOrT7qhPqNU344="></latexit>

- lepton mass scale contributes to recoil correction

en, fm μn, fm

Zemach -0.0449(13) -0.0449(13)

recoil 0.328(2) 0.0823(8)

polarizability 0.064(38) 0.065(39)

total 0.347(38) 0.102(39)

- polarizability for neutron is estimated from MAID solution
assuming a similar to proton saturation as for GDH sum rule

⌫2�
HFS

<latexit sha1_base64="PPk//nzjfIlxCIOrT7qhPqNU344="></latexit>

O. T. (2019)
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Conclusions

largest theoretical uncertainty
in low-energy proton structure

- precise 2𝛾 in μH from 1S HFS in eH

- dispersive framework in μp: elastic; expect MUSE data

- dispersive framework in ep: elastic and πN 

- total 2𝛾 estimate in ep and μp: proton+inelastic states

� �

input for nucleon form factor fits 

- 2𝛾 correction to 1S-2S transition in eH, 2𝛾 on neutrons
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Conclusions

largest theoretical uncertainty
in low-energy proton structure

- precise 2𝛾 in μH from 1S HFS in eH

- dispersive framework in μp: elastic; expect MUSE data

- dispersive framework in ep: elastic and πN 

- total 2𝛾 estimate in ep and μp: proton+inelastic states

� �

input for nucleon form factor fits 

- 2𝛾 correction to 1S-2S transition in eH, 2𝛾 on neutrons

JLab



Thanks for your attention !!!
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MAGIX@MESAISR@MAMI

ProRad@PRAE

! = 30� 70 MeV

Q2 = 10�5 � 10�4 GeV2

Q2 = 0.001� 0.17 GeV2 ! 0.0002 GeV2

! = 0.2� 0.5 GeV
magnetic form factor

Future projects

! = 500 and 720 MeV

Q2 = 0.002� 0.02 GeV2

ep scattering@MAMI

- ep elastic scattering at low Q2:  

arXiv: 1905.11182

Ultra-Low Q2@Tohoku

! = 20� 60 MeV
<latexit sha1_base64="9FRguf/XMW8bW0ckkg2uC8XPlOE=">AAACBHicbVDLSgNBEJz1GeMr6jGXwSB4MexGUS9C0IsXIYJ5QLKE2UlvMmRmZ5mZFcISwYu/4sWDIl79CG/+jZPHQRMLGoqqbrq7gpgzbVz321lYXFpeWc2sZdc3Nre2czu7NS0TRaFKJZeqERANnEVQNcxwaMQKiAg41IP+1civ34PSTEZ3ZhCDL0g3YiGjxFipncu3pIAuwRe45B6dug8tQUxPifQGasN2ruAW3THwPPGmpICmqLRzX62OpImAyFBOtG56bmz8lCjDKIdhtpVoiAntky40LY2IAO2n4yeG+MAqHRxKZSsyeKz+nkiJ0HogAts5ulHPeiPxP6+ZmPDcT1kUJwYiOlkUJhwbiUeJ4A5TQA0fWEKoYvZWTHtEEWpsblkbgjf78jyplYrecbF0e1IoX07jyKA82keHyENnqIyuUQVVEUWP6Bm9ojfnyXlx3p2PSeuCM53ZQ3/gfP4A2iCW9w==</latexit>

Q2 = 0.0003� 0.008 GeV2
<latexit sha1_base64="42ucOyTIi8ywu0Uj6nM4bRvBpG4=">AAACCnicbVC7TsMwFHV4lvIKMLIYKiQWqiRFogtSBQOMrUQfUptWjuu0Vh0nsh2kKiorC7/CwgBCrHwBG3+D02aAliNZPjrnXt17jxcxKpVlfRtLyyura+u5jfzm1vbOrrm335BhLDCp45CFouUhSRjlpK6oYqQVCYICj5GmN7pO/eY9EZKG/E6NI+IGaMCpTzFSWuqZR7WuAy+hVbQsq3SWfuWHToDUUATJDWlMuk7PLExdDbhI7IwUQIZqz/zq9EMcB4QrzJCUbduKlJsgoShmZJLvxJJECI/QgLQ15Sgg0k2mp0zgiVb60A+FflzBqfq7I0GBlOPA05XplnLeS8X/vHas/LKbUB7FinA8G+THDKoQprnAPhUEKzbWBGFB9a4QD5FAWOn08joEe/7kRdJwinap6NTOC5WrLI4cOATH4BTY4AJUwC2ogjrA4BE8g1fwZjwZL8a78TErXTKyngPwB8bnD0zml4g=</latexit>



79

- μp elastic scattering at low Q2:  

COMPASS@CERNMUSE@PSI

! = 115� 210 MeV

Q2 = 0.0016� 0.08 GeV2

! = 100 GeV

Q2 = 0.001� 0.2 GeV2

small structure effectse and μ

p1

p

p3

p4

p
′

p1

p3

p4

p2

p p
′

p2

- universality test by lepton-pair photoproduction:

𝛾p -> l+l-p@MAMI

! = 0.5� 1.5 GeV

normalisation and proton structure errors are suppressed

Q2 = 0.0018� 0.042 GeV2

�(e+e�) + �(µ+µ�)

�(e+e�)

below and above
muon threshold

l+ l+

l�l�

��

p p p p

Future projects



Lamb shift 2Ɣ correction. Forward VVCS

2Ɣ blob - forward virtual Compton scattering

� �

l l

80

Im S2 ⇠ g2Im S1 ⇠ g1Im T1 ⇠ F1 Im T2 ⇠ F2

Unsubtracted disp. rel. works for

Disp. rel. for amplitude T1 requires

Fixed-Q2 dispersion relations

subtraction function
Tsubt

1 (0, Q2) ⌘ T1(0, Q
2)� TBorn

1 (0, Q2)

Optical theorem

T2, S1, S2

pp
p p

qq
q q



Empirical estimate of subtraction function

81

expected low-Q2 behavior 

G. Gasser, H. Leutwyler et al. (1974, 2015) M. Gorchtein et al. (2013) I. Caprini (2016)

Subtract Regge behavior + DR + resonance region and DIS data 

Tsubtr
1 (0, Q2) = �(Q2)Q2 �(0) = �M - magnetic polarizability



Empirical estimate of subtraction function

data-based result           vs.          theoretical predictions

expected low-Q2 behavior 

�E
subt
2S (µH) ⇡ 4.2± 1.0 µeV

slightly smaller than Birse et al.

�E
subt
2S (µH) ⇡ 2.3± 1.3 µeV

82

G. Gasser, H. Leutwyler et al. (1974, 2015) M. Gorchtein et al. (2013) I. Caprini (2016)

Subtract Regge behavior + DR + resonance region and DIS data 

Tsubtr
1 (0, Q2) = �(Q2)Q2 �(0) = �M - magnetic polarizability

Lamb shift correction 

Thesis result
Birse et al.
BChPT πN+ Δ+ πΔ
βM, PDG 2014 

10
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O. T. and M. Vanderhaeghen (2016)


