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Finite Density & The Sign Problem

(0) = Sir(e PN ) =

[DA e "WO(A)
[ DA e=5(4)

where DA =]]dA,

U

Problem: S is complex
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Monte Carlo with complex actions:

1. Reweighting

- [ DA e *MWO(4)

O =TT DA o5
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(eI O(A))Res e~ ReS(4)

e ms (g With Prid) = 5o resm
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Monte Carlo with complex actions:

e—ReS(A)
2. Sample according to Pr(4) = DA o Res(A)

3. Estimate averages

(e zImS(A)O(A)>ReS N %;:n_le I S(An)@(An)
(e—imS(A))p o % S:an\,/ﬂ a—ilmS(A,)

0) =

exponentially small in spacetime volume
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Main ldea: Deform the Contour

DA e A — / DA e=5(A)
RN M







Z:/dA e~ o(A) o S(A) = AT+ mA? +ipA

A
\

|

—

all contours yield the
same integral

same homology class



Integrating in Principle

 Jgn DA e P O(A)
B fRn DA e ® Q Cauchy’s theorem
Iy DA e SO(A)
f./\/l DA e_S Choose coordinates

0)

[2n DA detJ(A)e S O(A(A))
Jan DA detJ(A)e™5




Integrating in Practice

1. Define Seg(A4) = S(A(A)) — InJ(A)

e—ReSeff(A)

2. Sample according to Pr(A) = [ DA o ReSur(A)

. —iImSeff(A)O A oS
3' Rewelgh <O> — <e <e7jImSeff(A)(> )>R .

ReSec¢s



Holomorphic Gradient Flow

Fvolve points as 2 = 22
volve points as  —— = ——

- =

dJ 0%S

Jacobian evolves as — 10(HJ) with H;; DA DA,



How is the sign problem tamed?

Re(S) strictly increases while Im(S) is stationary:

d oS dA; 0S5 05 0

T OA, ds  OA, 0A, ~




Application to (1+1) Thirring model
S = [ @a[3(v 0+ m+ v+ L (@ )?
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Application to (1+1) Thirring model
S = [ @a[3(v 0+ m+ v+ L (@ )?

ﬁ /dQ.CE{#AMA“—|—@(ﬁ—|-i14-|—m—l—,w70)¢}

1.0 l>[>§ 000000 3 % g © o 08 —>— T/my=0.38
0.8} |§§ ] : —o= T/m=0.19
. i 0.6 —— T/m=0.13
? 06 P g 3 g
Qo T § = - =—o— T/my=0.09
2 I N } < 04"
0.4 > R z $
o M ] i
0.2 ¢ I i 0.2 :
- o M, Thow=0.4 } é } i i . > :
O.O;Hm‘wm}‘ }}Lmvl,Ew}m 0.0 —f——————""+~—"
0 1 2 3 4 0.0 :
pims

Issue: Jacobian is expensive
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Solution: Sign Optimized Manifolds

<O e—iIm(S)>R
<e—iIm(S)>R

Uncertainty in observables (O) =

come from small “average sign” (o) = (e7"™) 4

Maximize average sign over
family of manifolds with cheap Jacobians
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Application to (2+1) Thirring model

_ 92 - -
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Sign Optimized Manifolds
1. Propose family of manifolds

on(A) Aoz + (A1 4+ Aacos(Apy) + Azcos(2A40;))

Xt

three parameter family

Feature: Manifold is factorizable
OA.,

Y = 5y

— 5 Y X Q(A()a;)
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Sign Optimized Manifolds

2. Maximize average sign over family

I S O e—iIm(S) R
S
i (e )R

1

need precision
if small




Sign Optimized Manifolds

2. Maximize average sign over family

<e—iImS>R

()

[ DA e Re(®) |V, \Re(S) — tr(J1V\J)

vA<0> — ‘<O->| f_DA o—Re(S)

1

sign problem free = cheap
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Sign Optimized Manifolds

3. Integrate over optimal manifold
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Tangent Shift Saturation

3 Limit
A

— 7 — (/dA e—S<A>)6V
[/ \

AOm(A) = Aoz + 1(A1 4+ Aocos(Apz) + Azcos(2A40:))




Strategy

 Use sign opt. manifold
* HMC on manifold



HMC on Manifolds
= DA e~ (A)
DA e_S(A) — Cauchy’s
Theorem

= DA detJ(A)e_S(A) = (Choose

RN coordinates

Want to sample as Pr(A) o |det.J(A)| e RS (A



HMC on Manifolds

Standard HMC:

P(m, A) oc e H(mA)

Z’N + S(A

marginalize

3™ P, A) o e~ 5

s




HMC on Manifolds

Standard HMC:

P(m, A) oc e H(mA)

Z’N + S(A

marginalize

1
Kinetic: 5 » =




HMC on Manifolds

Standard HMC: H(m, A) = % Z T2 + S(A)

P(m, A) oc e H(mA)

marginalize

I

marginalize

P(m, ¢) e~ () —— Z P(r, A) x e ?W|detJ(A)]




1

H(m, A) = o 3 ma[J(A)VT(A)] ) m, + (4

1

difficult if non-separable

SOM is key
to HMC on manifolds




0.8
0.6 1
0.4

0.2

Sign Increases

> SOM
o RY

6 x 62 lattice

Stat. error ~ ——

(0)°

0.0




Chiral Condensate
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(T, v) Phase Diagram
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Current Limit
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Holomorphic
Gradient Flow Thimbles

Cauchy’s
theorem SOM
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Next step

Nearest Neighbor Manifold
Aoa(A) = Agg + i f(Aoz, Ag u )
A12(A) = Ay,
Age(A) = Ay,

Polyakov Loop Manifold
Aoz (A) = Agg + Zf(z Aoz )

Alw(A) — Ala:
AQCB (A) — AQ:B
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More Applications

Thermodynamics:

P
P

nys. Rev. D. 94, 045017

nys. Rev. D. 95, 014502

Real time dynamics:

Phys. Rev. Lett. 117, 081602
Phys. Rev. D 95, 114501

Gauge Theories:
Phys. Rev. D 034506



Thank you!



