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Need hadronic matrix elements!

2Introduction: Matrix elements of QCD operators

2
Q,

M

W

N N’

γ,hard

QCD operators from factorization

Processes: DIS, hard exclusive, heavy quarkonium production, …

Local spin-n or light-ray operators

Involve QCD gauge potential or fields

ψ̄γα ∇β1 . . . ∇βnψ

 higher-dim, …F2, FF̃,

Scale-dependent

Fα1β . . . Fβαn

Hadron structure from chiral symmetry breaking

[Here: Local twist-2, 3, 4]

Chiral symmetry breaking governs long-range hadron structure: 
Pion as massless excitation, chiral interactions. Systematic construction in Chiral EFT

Chiral symmetry breaking associated with nucleon mass generation: 
Constituent quark picture, supported by extensive phenomenology, connected with parton picture

Can we use this knowledge to compute/estimate matrix elements of QCD operators?

[Typical scale 1 GeV]μ ∼



3Introduction: Effective operators

𝒪̂𝖰𝖢𝖣 𝒪̂𝖾𝖿𝖿
Need “effective operators” representing 
QCD operators in effective dynamics!

Vα, Tαβ Vα
𝖾𝖿𝖿, Tαβ

𝖾𝖿𝖿
Conserved currents (vector current, EM tensor): 
Effective operators from global symmetries  ✓

ψ̄γ{α1 ∇α2 . . . ∇αn}ψ ? Twist-2 QCD operator: Effective operators 
determined by dynamics!

ψγ[αγ5 ∇β]ψ

= − 1
4 ϵαβγδ ∂γ[ψ̄γδτ ψ]

Twist-3 QCD operator (spin-orbit correlations): 
Relations from QCD equations of motion, 
should be satisfied by effective operators

F{α1β . . . Fβαn}

?

Effective operators need to be derived from QCD, 
consistently with effective dynamics!

QCD
Effective

dynamics
from ChSB



4Introduction: Topological gauge fields

Typical size 0.3 fm,  separation 1 fmρ̄ ≈ R̄ ≈

Topological charge  1
32π2 ∫

R̄
d4x F̃F(x) ≈ ± 1

Instantons: Classical solutions of YM equations,  
self-dual fields , localizedF̃ = ± F

Strong fields: , 
semiclassical

(F2)1/2 ≈ (32π2/π2ρ̄4)1/2 ∼ 2 GeV2
Chu et al, PRL 70 (1993) 225; PRD 49 (1994) 6039

LR

L L

R

... ...

R

RL
pert

Topological fluctuations of QCD gauge fields

Induce zero mode of fermion field  iγ∇topΦ± = 0
Definite chirality  γ5Φ± = ± Φ±

→ Chiral symmetry breaking in QCD

LQCD cooling: Polikarpov, Veselov 1988; Campostrini et al. 1990; Chu, Negele et al 1993; 
DeGrand et al 1997; de Forcrand et al 1997, …, Athenodorou et al 2018

Correlation functions: Shuryak 1982; Diakonov, Petrov 1984; Shuryak, Schafer 1993, …

Evidence direct and indirect:



5Introduction: Program

• Construct description of QCD vacuum based on topological  
gauge fields: Instanton vacuum

• Derive effective dynamics from chiral symmetry breaking  
→ hadron structure

• Derive effective operators resulting from QCD operators  
in same scheme → Twist-2,3 GPDs, gluonic structure

Use systematic parametric approximation: Packing fraction, 1/Nc

Obtain effective operators consistent with effective dynamics

Preserve operator relations from QCD equation of motion, trace and U(1) anomaly

Diakonov, Petrov 1986;  
Shuryak, Schafer 1993+,  
Kacir, Prakash Zahed 1996

Shuryak 82+, 
Diakonov, Petrov 1984+

← here



6Instanton vacuum: Gauge fields

Separation of modes

:k > ρ̄−1 Integrate perturbatively:  
Renormalization, ρ̄−2 ≫ Λ2

QCD

:k < ρ̄−1 Integrate nonperturbatively:  
Instantons + massive fermions

Instanton ensemble

A(x) = ∑
I

AI(x |zI, ρI, OI) + ∑̄
I

AĪ( . . ) gauge potential  
classical top. fields

→

∫ [DA] → ∫ ∏
I,Ī

dzI dρI dOI d0(ρI)

Nonperturbative:
Instantons, ChSB

Perturbative

k

l< 0.6 GeV~<1

l

R

4V Euclidean

~ 0.3 fm

~ 1 fm<

<

functional integral  
collective coordinates

→

Stable system emerges due to instanton interactions
Implementations: Variational principle Diakonov, Petrov 1984; numerical simulations Shuryak 1988+

Small parameter: Packing fraction  0.1π2ρ̄4/R̄4 ≈

All dynamical scales “emerge” from  via instanton densityΛQCD
Preserves renormalization properties of QCD



7Instanton vacuum: Fermions and ChSB

Fermions in 1-instanton background

Zero mode induces multifermion vertex (‘tHooft)
L

...

L ...

R

R

} Nf

L ...

R

R

L

...

det

 ∫ dOI ψ̄ |ΦI)(ΦI |ψ ∝ detab ψ̄ a
L ψ b

R × form factor

L

L
R

R

......
+

<

+
Chiral symmetry breaking in instanton medium

Fermions hop between zero modes — chirality flip

Ground state determined in  expansion, 
saddle point approximation

1/Nc

Diakonov, Petrov 1986; Pobylitsa 1989; Nowak, Verbaarschot, Zahed 1989; …

~ 0.35 GeV

< <1l

k(M )

0 k

cut off by
zeroïmode
form factor

~ 0.6 GeV

Dynamical quark mass 0.3-0.4 GeV, 
active for momenta 0.6 GeV

M ≈
k ≲ ρ̄−1 ≈

Effective dynamics of massive quarks with  
multi-fermion interactions



8Instanton vacuum: Bosonization

Auxiliary field Uij ∼ ψ̄ i
Lψ j

R
f ... ...

U ab

a b

1

2

N

det

∫ DU∫ Dψ̄Dψ exp∫ d4x ψ̄(x)[i ̂∂ψ − M Uγ5(x)] ψ(x) Yukawa-type interaction of  
massive quarks with chiral field

Effective dynamics of massive quarks and Goldstone bosons with chiral interactions

Quark-pion coupling  , strongly coupled system! 
Solved nonperturbatively using  expansion — saddle point approximation

gπqq = M/Fπ ≈ 4
1/Nc

[Diakonov, Petrov 1986; Kacir, Prakash, Zahed 1995; …]

Uγ5(x) ≡
1 + γ5

2 U(x) +
1 − γ5

2 U†(x) Form of interaction constrained  
by chiral invariance

U(x) = eiτaπa(x)/Fπ



9Instanton vacuum: Correlation functions

...
. . .

. . .

class classical pion field

N quarks

U

c

Meson correlators

Saddle point : Vacuum fieldsU = 1

Pseudoscalar: Pion pole (isovector),   mass (isoscalar)η′￼

Baryon correlators

Saddle point : Classical  pion field (“soliton”)U ≠ 1

Fixed time: Quarks moving in self-consistent pion field 
with single-particle Hamiltonian H = αp + βMUclass

Realization of general relativistic mean-field picture at 
large . Unifies “quark model” and “chiral soliton”Nc

+

pion pole
massive quarks

[Diakonov, Petrov, Pobylitsa 1988]

[Kahana, Ripka1984]

[Witten 1983]



10Instanton vacuum: Nucleon structure
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3-point functions include disconnected quark diagrams… connected by chiral field!

Example: Axial and vector and current matrix elements for SU(2) flavor
[Review: Christov et al 1995. Many more results: Sigma term, , SU(3), …]N → Δ

Figure 9: Electric (left) and magnetic (right) form factors of the nucleon as functions of Q2 for
three different values of M : 370 (dashed line), 420 (solid line) and 450 (dash-dotted line) MeV in
the SU(2)-NJL model (Christov et al., 1995). The experimental data in the case of the electric form
factor are from (Höhler et al., 1976) for the proton and from (Platchkov et al., 1990, Eden et al., 1994,
Meyerhoff et al., 1994) for the neutron. For the magnetic form factors they are from (Höhler et al.,
1976, Bruins et al., 1995). The theoretical magnetic form factors are normalized to the experimental
values of the magnetic moments.

49

Figure 12: Axial form factor in the SU(2) NJL model (Watabe et al., 1995b) in leading (lower curves)
and next to leading order (upper curves) in angular velocity in comparison with the experimental
data (Baker et al., 1981, Kitagaki et al., 1983).

and 440 MeV. The main contribution to the axial form factor in the leading as well as in the next
to leading order in angular velocity comes from the valence quarks and the Dirac sea contribution is
almost negligible. As for the other nucleon properties a value for constituent mass around 420 MeV
is preferred. For this mass value the theoretical curve agrees well with the experimental data without
any scaling. On fig.12 we also show the leading order results (Meissner Th. and Goeke, 1992). As
can be seen the two groups of curves differ in both magnitude and slope. The dipole masses (see
table 3) for the axial form factors, calculated in leading order, are slightly larger.

The axial charge radius calculated as

〈r2〉A = −
6

GA(0)

dGA(Q2)

dQ2

∣∣∣∣∣
Q2=0

=
1

GA(0)

∫
r4dr [A0(r) +

2

5
A2(r)] +

3

4M2
N

. (234)

is presented in Table 3 together with the values from the dipole fit (in brackets) in comparison with
the estimate from the experimental dipole fit. As can be seen the numbers directly calculated from
the corresponding densities A0 and A2 are very close to those of the dipole fit which is an indication
that even at small q2 the dipole fit is a good approximation to the theoretical curves.

The axial-vector coupling constant is given by

gA = GA(0) = 2
∫
d3x < N |A3

3(x)|N > . (235)

which means that only the density A0 contributes (230). The strong underestimation of gA in most
of the chiral models of nucleon is a problem which have attracted a lot of attention and theoretical
efforts in both the Skyrme-like models (see Holzwarth, 1994 and references therein) and the NJL
model (Wakamatsu and Watabe, 1993, Blotz et al., 1993c, Christov et al., 1994, 1995a,b, Wakamatsu
1995, Schechter and Weigel, 1995). Wakamatsu and Watabe (1993) made an important observation

56

LO 1/Nc

NLO 1/Nc

Reasonable description of nucleon static properties, 
current matrix elements  Talk H-C Kim→



11QCD operators: Effective operators

Gluon operator

  local QCD gluon operatorℱ[A]
..

... ...

eff

QCD op.
Normalized at scale μ = ρ̄−1

Gluon operator in instanton vacuum correlation functions

ℱ[A] → ∑
I+Ī

ℱ[AI] + 𝒪(ρ4/R4)

⟨ . . . ℱ[A] . . . ⟩𝗂𝗇𝗌𝗍
→ ⟨ . . . ℱ𝖾𝖿𝖿[ψ̄, ψ] . . . ⟩𝖾𝖿𝖿

ℱeff[ψ̄, ψ] = N ∫ dzI dOI dρI deff(ρI) ℱ[AI] ψ̄ |ΦI)(ΦI |ψ

Evaluated in gluon field of single I(Ī )

Converted to effective fermionic operator  
in effective theory of massive fermions

Coupling through zero modes  
 ‘tHooft vertex↔

Advantages of effective operator representation:  
Universal, relations between hadronic matrix elements, insight into origin of gluonic structure

Construction possible in saddle-point approximation 1/Nc [Diakonov, Polyakov, Weiss, 1995]



12QCD operators: Twist-2

Oq
α1...αn

= ψ̄γ{α1
∇α2

. . . ∇αn}ψ − traces Twist-2 spin-n QCD operators, scale μ = ρ̄−1

Q2x, e’

e

eff. dynamics

parton distrib.

Og
α1...αn

= Fβ{α1
Dα2

. . . Dαn−1
Fαn}β − traces Matrix elements = moments of PDFs/GPDs

Gluon operators suppressed in packing fraction

 = 1: Momentum sum rule 
saturated by quarks + antiquarks…. consistent
∫ dx x [q + q̄](x)

Twist-2: Instanton field subsumed in massive 
quarks/antiquarks, no direct effect

[Diakonov, Petrov, Pobylitsa, Polyakov, Weiss, 1996]

(Oq
eff)α1...αn

= ψ̄γ{α1
∂α2

. . . ∂αn}ψ + 𝒪(ρ4/R4) Quark/antiquark operators 𝒪(1)

(Og
eff)α1...αn

= 0 + 𝒪(ρ4/R4)

effective  
theory

Nucleon’s antiquark content , rich spin-flavor  
dependence

𝒪(1)



13QCD operators: Twist-3 non-forward

Oαβ(x) = ψ̄(x) γ[α ∇β]τ ψ(x) Twist-3 QCD operator, quark spin density in EMT 
 contains gauge potential∇ ≡ ∂ − iA

= − 1
4 ϵαβγδ ∂γ[ψ̄(x) γδγ5τ ψ(x)] Relation from QCD equations of motion ∇̂ψ = 0

Oαβ
eff (x) = ψ̄(x) (γ[α∂β]τ + i

4 Mσαβ[Uγ5(x), τ]) ψ(x)
Effective operator in chiral theory (bosonized). 
Instantons induce “potential” term containing 
interaction of massive quarks with chiral field

= − 1
4 ϵαβγδ ∂γ[ψ̄(x) γδγ5τ ψ(x)]eff Same operator relation as in QCD, now from  

effective equations of motion [ ̂∂ − MUγ5] ψ = 0

Twist-3 non-forward: Instanton field induces spin-flavor dependent chiral interactions, 
 dynamical effect on quark spin density and spin-orbit correlations𝒪(1)

Similar effect in QCD operator with  describing quark spin-orbit correlationsγαγ5

J-Y Kim, Weiss 2023

effective  
theory

Lorce 2014



14QCD operators:  and F2 FF̃

⟨N′￼| F2(0) |N⟩ = C(t) mNū′￼u Nucleon form factor of F2

Relation from QCD trace anomaly  Tαα(x) = −
b

32π2
F2(x)

C(0) = −
32π2

b

[Diakonov, Polyakov, Weiss, 1995]

[Shifman, Vainshtein, Zakharov 1978; Novikov SVZ 1981]

   beta function coefficientb = 11
3 Nc − 2

3 Nf

Realized in instanton vacuum!  Effective operator   instanton number. 
Fluctuations in ensemble controlled by trace anomaly 

F2 ∝ N+ + N− ≡ N
⟨N2⟩ − ⟨N⟩2 = 4/b ⟨N⟩

Nucleon form factor of FF̃

Realized in instanton vacuum!  Effective operator  topological charge fluctuationsFF̃ ∝ N+ − N−

⟨N′￼| FF̃(0) |N⟩ = C̃(t) mN ū′￼iγ5u

Relation from axial anomaly   ∂αJ5α(x) =
Nf

16π2
F̃F(x) + 𝒪(mf )C̃(0) =

32π2 g(0)
A

Nf

Instanton vacuum realizes low-energy theorems from trace and axial anomaly. 
Framework suitable for analyzing hadronic form factors of F2, FF̃ [See also Zahed 2021+]



15Summary

• Topological fluctuations of gauge fields play essential role in low-energy QCD: 
Fermionic zero modes  chiral symmetry breaking  hadron structure/interactions→ →

• Instanton vacuum provides effective description: Packing fraction as small parameter,  
all scales generated dynamically from  ΛQCD

• Instanton vacuum enables systematic derivation of effective dynamics from chiral symmetry 
breaking and effective operators representing QCD operators, including gluon operators:  
Equation-of-motion relations, scale and axial anomaly

• Twist-2: Instanton field subsumed in massive quarks/antiquarks, no direct effect

• Twist-3 non-forward: Instanton field produces spin-flavor dependent chiral interactions,  effect𝒪(1)

• Essential tool for exploring GPDs and gluonic structure of nucleon.  
In progress: Spin-orbit correlations, chiral-odd structures, nucleon form factors F2, FF̃

• Other applications (not covered here): Twist-3,4 operators from DIS power corrections;  
higher-dim operators from BSM physics

• Beyond instantons: Include non-topological fluctuations of gauge fields (“  molecules”),  
important for Wilson loops, coupling to heavy quarks

IĪ
[Shuryak, Zahed 2023]
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Supplemental material



17QCD operators: Antiquark distributions in nucleon
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RHIC  production dataW±

Polarized flavor asymmetry  predicted  
by chiral soliton (  instanton vacuum)

Δū − Δd̄
←

[Adamczyk et al (STAR) 2014]

[Diakonov, Petrov, Pobylitsa, Polyakov, Weiss, 1996]
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)

x

Q2 = 54 GeV2

FNAL E866  analysis
χQSM + DGLAP

Unpolarized flavor asymmetry   
from chiral soliton (  instanton vacuum)

d̄ − ū
←

[Pobylitsa, Polyakov, Goeke, Watabe, Weiss, 1998]

FNAL E866 Drell-Yan data + analysis



18QCD operators: F̃FF

Dimension-6 gluon operator

AF̃FF(0)
32π2

= (−
12
5ρ̄2 ) g(0)

A

Nf

Appears in scenario of hadronic CP violation [Weinberg 89]

Instanton vacuum estimate

. ...
OPE

CP f abcF̃a
μνFb

μρFc
νρ(x) Dimension-6 CP-odd gluon operator, 

essentially non-abelian structure

Need estimates of hadronic matrix elements!

∫ d4x F̃FF(x) I(Ī)

∫ d4x F̃F(x) I(Ī)
= −

12
5ρ̄2

Operators  and  proportional in field of single , 
effective operators simply related

F̃FF F̃F I(Ī )

Nucleon matrix element of  inferred from  F̃FF F̃F ↔ g(0)
A

Large numerical value due to localization of instanton field12
5ρ̄2

= 0.86 GeV2 = (0.22 fm)−2

Further conclusion (paradox): Neutron EDM induced by 
is proportional to that induced by  and therefore chirally 
suppressed

F̃FF
F̃F

[Bigi, Uraltsev 1991, Hatta 2020]

[Weiss 2021]

[Chiral behavior of neutron EDM: Crewther, DiVecchia, Veneziano, Witten 1979]


