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[Submitted on 3 Aug 2020 (v1), last revised 24 Aug 2020 (this version, v2)]
Bayesian model averaging for analysis of lattice field theory results

William 1. Jay, Ethan T. Neil

Statistical modeling is a key component in the extraction of physical results from lattice field theory calculations. Although the general models used are often
strongly motivated by physics, their precise form is typically ill-determined, and many model variations can be plausibly considered for the same lattice data. Model
averaging, which amounts to a probability-weighted average over all model variations, can incorporate systematic errors associated with model choice without being
overly conservative. We discuss the framework of model averaging from the perspective of Bayesian statistics, and give useful formulas and approximations for the
particular case of least-squares fitting, commonly used in modeling lattice results. In addition, we frame the common problem of data subset selection (e.g. choice of
minimum and maximum time separation for fitting a two-point correlation function) as a model selection problem, and study model averaging as a straightforward
alternative to manual selection of fit ranges. Numerical examples involving both mock and real lattice data are given.

Comments: 26 pages, 6 figures. v2: updated refs and other minor changes. Submitted to Phys. Rev. D
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e Statistical inference appears ubiquitously throughout science:
Which model best describes the data”?

* Physics often provides well-motivated theoretical models for
data (this is very special in practical applications of statistics).

* Reliable parameter extraction is often more important than
model comparison by itself.

* Frequently the exact microscopic model is known exactly
but too cumbersome to use in practice

e Sometimes an exact model is absent, but phenomenological
considerations suggest a class of models
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* Most of my examples will be from numerical lattice QCD,
but the statistical ideas are completely general.

e Examples of model selection in lattice QCD:

e |s SU(2) or SU(3) yPT more applicable?

* Does NLO vs NNLO work better?

* How to handle exact models with infinitely many terms?
» What is the systematic effect of the choice or truncation?

* |s some choice optimal?
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Model averaglng N the Ilterature

Weighted averages:
Use the variance as weight

HPQCD, arXiv:0807.1687

“We average our 22 different results
weighted by their inverse variances,
giving more weight to results with
smaller variances. The variance for
our composite result is the inverse of
the average of the inverse variances
from the separate determinations.”


https://arxiv.org/abs/0807.1687
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Figure 12: “Systematic error distributions for the LO LEC... In the plots,
the central, vertical, dotted line is the mean of the total distribution, i.e.
our final central value. The central, vertical green band denotes the
systematic error, the larger pink one, the statistical error and the largest
gray one, the sum in quadrature of these two errors.”

[Emphasis added]
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Model averaging in the literature
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A Bayesian framework:
Combine results using
Bayesian model weights

(Close to what we advocate)

| | | I I
1.24 1.26 1.28 1.30 1.32
ga

CallLat: 1805.12130

p 20. “The weighted average is performed with 1sqfit.”

(Fantastic fitting code, but default weights
are not quite right for model averaging)


https://arxiv.org/abs/1805.12130
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Model averaging in the literature
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A conservative estimate:
Systematic error from full width
of model variations. 15

20 F

10 |-
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FIG. 19: “Histograms of ... values obtained from various versions of the
continuum/chiral extrapolation and various inputs of quark masses and
scale values from the physical- mass analysis. Our central fit gives 9191
MeV32, . .those values are marked with vertical black lines. At the top of
each histogram, we show the range taken as the systematic error of the
self-contained chiral analysis of the current section.
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Picking fits
Use the AIC to choose a best fit.

Closely related to what we describe

NPLQCD & QCDSF:2003.12130

“This work employs the Akaike

Model selection

Information Criterion (AIC) with a cutoff
chosen to penalize overfitting in which

a fit with e excited states is only

preferred over a fit with e — 1 excited

states if

AlIC(e) — AIC(e — 1) < —A x Npor(€e)
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https://arxiv.org/pdf/2003.12130.pdf
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Bayesian model averaging

* Existing approaches to model averaging are often ad hoc.
* Bayesian statistics provides a rigorous perspective to this question

e Bayesian model averaging weights models according to their
statistical probability. Benefits:

o QOffers better precision than, e.g., just taking the full range of
variations

e Removes dependence on arbitrary decisions by the analyst

* Helps clarify statistical assumptions related to existing methods

11



Example:
Lattice QCD hadron
spectroscopy



Ex: Lattice QCD hadron spectroscopy

e Hadronic spectrum «— QCD 2pt correlation functions
(0] e*O(0)e~"0(0) |0)
(0) [r) {n[ O(0) |0)

(0) [n)[*

(O()0(0)) =

_ Z —Ent O|
_ Z —F, t O‘
_ Z ‘Zn‘Ze—Ent

C(1)
C(t+1)

{— 00

meg = log

“The operators couple to
an infinite tower of states.”

“The ground-state mass
asymptotically dominates
the Euclidean 2pt function.”



“ Ex Lattlce QCD hadron spectroscopy
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“ Ex Lattlce QCD hadron spectroscopy
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“ Ex Lattlce QCD hadron spectroscopy

. Correlator 15
O
0 O

10 ®e, 1.0

— o =

"C'« ... ()

Q ® &
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0 5 10 15 20
Time t

Effective Mass

...llll
5 10
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“ Ex Lattlce QCD hadron spectroscopy

Correlator Effective Mass
- 1.5
. O
0 O
10 °e 1.0
~ O
@) ... & B
1072 e, 0.5 .
o LTI
0
0 5 10 15 20 0 5 10 15 20
Time t Time t
t=15
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. Correlator 15
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Ex: Latt

Analysis choices:
1. Flt WindOW (tmin, tmax)?

> tmin toO high: throwing
away valuable data
(signal decays
exponentially in time!)

> tmin OO lOow:
contamination from
excited states

ice QCD hadron s

—a A e Sl e eadaiens A B QU Rl X TR RN L AT RN NN
ol A
i i
i i
5 y
5 A
‘ %
) o
3 |4
0 i
N 2 } i {3 ]
'f i\ Al v gy
___ KRR R NPT TR e oot o oAk A ey s L o e oo T T—

15 Effective Mass

tmax

0 5 10 15 20
Time t

2. How many states to
Include in the truncated
model for C(t)?

19
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Ex: Lattice D hadron spectrosco
|

15 Effective Mass

e Intuition: “Occam’s razor” 1 tni t

. min max

e “Good” models should describe gt) -
|

the most data with the fewest 0.5 o
parameters oL LTI T

0 5 10 15 20

e Further, it should be possible to -
Ime t

“marginalize” or “average” over
different results to obtain a pr(M|D)
rigorous bound on the
systematic error from “model
choice.”

e Might expect:

Varying tmin With fixed tmax

20




Formalizing these ideas
with Bayesian statistics
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» Group parameters as a = ac U am With ac as “common
parameters” and am as “marginalized parameters”

- We want to average over the space of models

(f(ac)) = > _(f(ac)) pr(M|D)

M

- Key: pr(M|D) is the model weight or “Bayes factor”:

pr(Dl|a, M )pr(a|M )pr(M)
pr(D)

pr(M|D) = /da

22




Bayesian model averaging

Model average for single parameter ao

(ag) = Z (ap); Pr(M|D)  Central value

M
o2 = {ak) — (ap)’ Combined statistical+systematic error
N N 2
— Z a(Q) pr M;|D) — (Z (ap), pr(MiD))
1=1 1=1
N N N 2
S a0+ 3 o0~ (3 0, )
1=1 1=1 1=1

23
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Bayesian model averaging

Model average for single parameter ao
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Statistical error: WM Systematic error:

Weighted average of (a) Special case of uniform weights
statistical variance — “variance over space of models”
— a0y {(b) General case: not variance from |
weighted estimates

N

= _{at)or(Mi| D) — | 3 {ao); pr(M;

= Zggo,ipf(Mi\D) + Z (ao); pr(M;|D) — (Z (ao), pr(MiD))

24
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e Consider an analysis with just two models, M1 and M2
e Suppose M1 is strongly favored by the data (p«1):

e priM4ID)=1-p

* pr(Mz|D) =p

(ao) = (ao); + ({ao)y — {ao0),)p,

020 ~ (720,1 T [020,2 — 020,1 T (<a0>2 - <a0>1)2} p-

* Recover resultsof Miasp—0
e For p # 0, corrections likely to be small (but depends on sizes!)

25



BayeS|an model averaglng

Likelihood function

Prior for model
~Exp[-x?]

* |n principle, the model weight is completely calculable (e.g, using
Monte Carlo)

* For large data sets, the integrand becomes tightly localized
around the best-fit y2 and increasingly Gaussian

20
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Bayesian model averaging

Evaluate integral
— Gaussian Approximate Posterior (GAP)

—2log(pr(M|D)) ~ GAPy,

Likelihood function tightly Gaussian fluctuations
peaked around best-fit y2 about the best-fit x2

2 Sk
2

' log det 2~ log det ©*

e A

{ Model prior ‘

Cancels in average Last two terms:
when pr(M) uniform “Information gain”

o7 in fit over the prior
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Bayesian model averaging

Before using this result to compute pr(M|D), we must
first think carefully:

1. Empirical priors and the Jeffreys-Lindley paradox

(Not specific to our analysis, must confront in any
real-world application of Bayesian model

weights)

2. Bilas correction

28
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We often use empirical priors and imagine that we can remove
them (prior width — o) without influencing the best fit too much.

However, taking prior width to « gives a divergence in the model
weight!

log det & — log det B* = ZZlog <ﬂ> — OQ

o}
Jeffreys-Lindley paradox: For models with different numbers of
parameters, the simpler model is pathologically preferred,

regardless of the data.

Note: divergence cancels when comparing models with

common priors.
29
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e Formal Solution: use cross-validation to set empirical
priors with a partial fit to “training” data. Asymptotically,
both covariance matrices then approach the true model.
The difference will vanish as 1/N.
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* |ntuition: If data set is “infinite,” then dividing the data
into training and testing samples yields two samples that
match the population distribution.

* In practice, we can simply ignore these terms as sub-
leading 1/N effects. (Or get serious about using real,
fixed priors)

30




#2: Bias correction

* The sample log likelihood is a biased estimator of the true log

likelihood. (Recall: (biased estimator) # asymptotic truth)

* Why? Roughly, the sample log-likelihood systematically overshoots
the true value due to finite-sample-size fluctuations in the data

 The bias correction has been computed in the statistics literature:
b=2tr[J I

J = (negative) Hessian matrix

| = Fisher matrix

* The matrix product asymptotically approaches the identity, so the
trace counts the number of parameters Kk:

~2log pr(M|D) ~ —2log pr(M) + (xsus)? + 2k

1\77 B -

e This is the well-known Akaike mformatlon criterion, or AlC.

31



I I I .

 We want to compute model averages. We need
pr(M|D):

(f(ac)) = > _(f(ac) pr(M|D)

M

e So far we’ve found:

—2log pr(M|D) = —2log pr(M) + (X1.e)* + 2k

 This result applies to different models for fixed data.

e \We can extend it to account for cuts on data.

32
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* Data subset selection can be reinterpreted as a model selection problem with a
formal auxiliary model. (Note: we still just fit as usual!)

e EXx: choosing tmin for a 2pt correlator fit
> Fort > tmin: fit to N-state exponential model.
» For t < tmin: imagine fit to a “perfect model” that interpolates the data.
* For Ncut data points, the “perfect model” can be an order-Ncut polynomial.
* The full model has k + Ncut total parameters
e By construction, the perfect model adds nothing to 2

e The new parameters do contribute to the model weight via the bias-correction
term:

—2log pr(M|D) = —2log pr(M) + (Xhug)” + 2k

33 Extra piece
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* Data subset selection can be reinterpreted as a model selection problem with a
formal auxiliary model. (Note: we still just fit as usual!)

* EXx: choosing tmin for a 2pt correlator fit

Key point:
This Is a formal argument.

In practice, fit to the usual model.

Interpret the result with the modified weight.

e The new parameters do contribute to the model weight via the bias-correction
term:

—2logpr(M|D) ~ —2logpr(M) + (

34 Extra piece
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Two-exponential “mock correlator’model truth, fit to single exponential
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- == Model truth
f  Model avg.
$ Individual fits

pr(M|D)
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Ex. 1: tmin averaging (toy data)

Two-exponential “mock correlator’model truth, fit to single exponential

Correlator fit results
0.82Fx for Eo, varying tmin

[ ]
o i = - == Model truth
u 0-81 !! / F  Model avg.
Sy I Iﬂ {‘} § Individual fits

pr(M|D)

S N Emmmy § S I g g B ———— Fitp'value
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Ex. 1: tmin averaging (toy data)

Two-exponential “mock correlator’model truth, fit to single exponential

Correlator fit results
0.82Fx for Eo, varying tmin

o 081+ X - == Model truth
- ’ f  Model avg.

!! $ Individual fits
0.80 hi——————_!fE!!I!I_I_I_I_I_LI_Iﬂ_{} dividual f

0.28F
o pr(M|D)
S N Emmmy § S I g g B ——— Fitp'value
O;-—*—'_" ————— ’l.-—.—l‘ I

e Less aggressive

e More total data ' o _
e More excited-state Cut time tmin * More aggressive

contamination o Less total data
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Ex. 1: tmin averaging (toy data)

Two-exponential “mock correlator’model truth, fit to single exponential

Correlator fit results
0.82Fx for Eo, varying tmin

[ ] _
LE 0.81+ . Model truth
f  Model avg.

[ )
Sy $ Individual fits
_i_______3322111_;1.1.1_{1_}}_{.{}
pr(MID) /‘;:Z
I ‘ - — r(M|D)
o o 1 s [ Ilzitp-value
O,_.__.-g,__.f.""'—. . ;

e Less aggressive ,
o Less total data Cut time tmin
e More excited-state

contamination

e More aggressive
e Less total data
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Two-exponential “mock correlator’model truth, fit to single exponential

Panels: 4 x different draws of mock data

0.82.! 0.82".
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Model truth
Model avg.
Individual fits

o =4

pr(M|D)
Fit p-value

Model average
agrees well with
true ground-state
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Ex 2 tm.ﬁ“ave'raglng(lattlce data)

Real lattice data, staggered fermions, fit to (1+1) states

—— Model average

#  Mer

0.120 T T T | I
0 10 20 30 40

t/a

- Model average agrees closely (<10)

with published best-fit result from
arXiv:1809.02827

40

Fit energy Ey

0.13744
o 0.13724

0.1370

0.1368
0.1366

0.1364 -

0.1362

—— Model average
4 Fit results, model weight >1%
@  Fit results, model weight <1%
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)
©
N
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Model weight P(M|D

0.00

N

—4— Model weight >1%
& Model weight <1%
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Ex 2 tm.n averaglng (Iattlce data)
Real lattice data, staggered fermions, fit to (1+1) states
[Repeated from previous slide]

- Repeat: (2+2), (3+3), and (4+4) states.

« Better fits for smaller tmin

- Model average is quantitatively

unchanged

- Model average agrees closely (<10)

with published best-fit result from

arXiv:1809.02827

(2+2) states

0.1374- (1+1) states
\ |
o 0.1372 Do ] 1
o T¢ ®
w 0
> 0.1370 ++++* i CARREE
9 t w@m D
2 0.13684 ¢
@ K T | i:i """"
frd _ )0
i 0.13667 Model average
0.1364-4 4 Fitresults, model weight >1%
&  Fit results, model weight <1% o
0.1362 | | | | |
0 10 20 30 40
tmin/a

(3+3) states

(4+4) states

0.1374 4
0.1372 4 :

0.1370+

rgy Epa

”"H@# TTTIRI 1)L Py

+—

£ 0.1366

—— Model average
4 Fit results, model weight >1%
@  Fit results, model weight <1%

0.1364

T — Model average
.- 4 Fit results, model weight >1%
@  Fit results, model weight <1%

—— Model average
- 4 Fit results, model weight >1%
- 4 Fit results, model weight <1% :

T T T T T
0 10 20 30 40
tmin/a

T
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T
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T T
20 30
tmin/a
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1.3

’B‘ —— Model average

< 127 4 R(T=15)

_g 1.1 R(T=18)

4

E 10— € ¢ « ¢ ¢ ¢ ® Y

o pe °

(@) 0.9 Y

2

©

o 0.8 < °
I I I I I I | I I I I I I I I I I I
0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17

t/a

Model weights are tightly peaked
around a single fit

Occam’s razor. fits using fewer
parameters to describe more data
are preferred.

Model averaging — Model selection
The result agrees closely (<10) with
published best-fit result from arXiv:
1809.02827
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E 3 Matrlx'e'lements (Iattlce data)'

Real lattice data, staggered fermions

3 4 5 6 3 4 5 6 3 4 5 6 3 4 5 6
| | | | | | | | | | | | | | | |

Lu? —— Model average

'«':35105_ 4 Fit results, model weight >1%

o #  Fit results, model weight <1%
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(2), 3=1.24(22)(7)]
6

7)
a —07)(11)(;)1 2.21(56)(14), v = 4.28(1.73)(25)]

0 0.2 0.4 0.6 0.8 1.0

R

“IThe pion valence quark distribution] is
achieved by numerically evaluating the
convolution of the NLO kernel Eq. (8) and
..phenomenologically motivated
functional forms of the PDF.”

R.S. Sufian et al.
PRD 102 (2020) 5, 054508
arXiv:2001.04960

150

120

90 }

60 +

30 ¢

1100
Ecm/MeV

“To avoid bias, we consider a wide
selection of scattering amplitude
parameterizations that fall into four
familiar categories...

D.J. Wilson et al. [hadspec]
PRL 123 (2019) 4, 042002
arXiv:1904.03188
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 Bayesian model averaging is a statistically rigorous way to handle
uncertainty in model specification without being overly conservative

* Examples are well-matched to standard analysis problems in
practical lattice problems:

< What are acceptable tmin / tmax values in a correlator fit?
< How many excited states to keep?

“* What mass range to use in a yPT fit?

< How many terms should appear in an EFT fit?

* Implementation is easy: just need y2 and the number of parameters
iIn the model

 We’ve seen good performance in tests with both mock and real data
44
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EX. 1: tmin averaging

Two-exponential “mock correlator’model truth, fit to single exponential

0.82

081

0.79¢

0.78

L._?0.80-_'_'___{I...__IL__H___}!___!L_

Larger data sets

| : 7 ]
Model truth / | 14”
Model avg. (AIC) / ) : B s
Fixed tmin = 14

Full-width systematic
Model avg. (naive)

Conservative systematic
(p-value > 0.1 only)

—2log pr(M|D) ~ (Xhue)’
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-+ Consider the data sample y;on the ith gauge
configuration. yi is generally a vector: C(t), te[1,...N{

- Partition the data samples yi =(yicut, yikeer)

/ Sample mean

—cut cut

Ui — gur(a, P) = Ui =Y, Yi €Y,
) ? — k
v, — fvr(a), v Eyieep

+ Define a joint model:
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Model Subset selection

—2log pr(Dl|a, M sz

i —gu(a, P)'S ™ (y; — gu(a, P))

(a, P))
P frr(@) TS5 WP ~ far(@)) + (const)

N
>
1=1

N
>
1=1
All other terms involving the cut data contain the

difference [ycut - gm(a, P)] at least once. Therefore,
they vanish identically by construction.
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