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meson-meson scattering

‘natural’ spin-parities:
<latexit sha1_base64="bxhhZK6AoiMdWsljZhexXsZPxB0=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIsgWENSBN0IRTfiqoJ9QJuWyXTaDp1MwsxECKH+ihsXirj1Q9z5N07bLLT1wOUezrmXuXP8iFGpHOfbyK2srq1v5DcLW9s7u3vm/kFDhrHApI5DFoqWjyRhlJO6ooqRViQICnxGmv74Zuo3H4mQNOQPKomIF6AhpwOKkdJSzyzedWtXTve07HbPyhXdbdvumSXHdmawlombkRJkqPXMr04/xHFAuMIMSdl2nUh5KRKKYkYmhU4sSYTwGA1JW1OOAiK9dHb8xDrWSt8ahEIXV9ZM/b2RokDKJPD1ZIDUSC56U/E/rx2rwaWXUh7FinA8f2gQM0uF1jQJq08FwYolmiAsqL7VwiMkEFY6r4IOwV388jJpVGzXsd3781L1OosjD4dwBCfgwgVU4RZqUAcMCTzDK7wZT8aL8W58zEdzRrZThD8wPn8ALImR3A==</latexit>

f2(1270), a2(1320),K
⇤
2 (1430)

<latexit sha1_base64="zGWaMSNXRWTCughoZR5IbSHEdLU="></latexit>

f0(500),(700), a0(980)

<latexit sha1_base64="p4rseJXhu8EeCuGnBsFUR4qyFbg="></latexit>

⇢(770),K⇤(892)

<latexit sha1_base64="4BVyuALvZizDZnixAUB8h1beACM="></latexit>

‘unnatural’ spin-parities:
<latexit sha1_base64="Rn8tHsAD2umH5TNeHnXykVDAXyA=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIsgWENSBN0IRTfiqoJ9QJuWyXTaDp1MwsxECKH+ihsXirj1Q9z5N07bLLT1wOUezrmXuXP8iFGpHOfbyK2srq1v5DcLW9s7u3vm/kFDhrHApI5DFoqWjyRhlJO6ooqRViQICnxGmv74Zuo3H4mQNOQPKomIF6AhpwOKkdJSzyzedWtXTves7HZPyxXdbdvumSXHdmawlombkRJkqPXMr04/xHFAuMIMSdl2nUh5KRKKYkYmhU4sSYTwGA1JW1OOAiK9dHb8xDrWSt8ahEIXV9ZM/b2RokDKJPD1ZIDUSC56U/E/rx2rwaWXUh7FinA8f2gQM0uF1jQJq08FwYolmiAsqL7VwiMkEFY6r4IOwV388jJpVGzXsd3781L1OosjD4dwBCfgwgVU4RZqUAcMCTzDK7wZT8aL8W58zEdzRrZThD8wPn8AL6GR3g==</latexit>

h1(1170), b1(1235), a1(1260)

<latexit sha1_base64="QyevKHe/NzL8bO4sMzs6I98nyic="></latexit>

⌘0(958),⇡(1300)

<latexit sha1_base64="PbgzFWBwHbLyNyDE7pyVKh12oQY="></latexit>

⌘2(1645),⇡2(1670)

<latexit sha1_base64="xv1JOIPByQ5416na0ZzinhljIWk="></latexit>
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meson-meson scattering

‘natural’ spin-parities:
<latexit sha1_base64="bxhhZK6AoiMdWsljZhexXsZPxB0=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIsgWENSBN0IRTfiqoJ9QJuWyXTaDp1MwsxECKH+ihsXirj1Q9z5N07bLLT1wOUezrmXuXP8iFGpHOfbyK2srq1v5DcLW9s7u3vm/kFDhrHApI5DFoqWjyRhlJO6ooqRViQICnxGmv74Zuo3H4mQNOQPKomIF6AhpwOKkdJSzyzedWtXTve07HbPyhXdbdvumSXHdmawlombkRJkqPXMr04/xHFAuMIMSdl2nUh5KRKKYkYmhU4sSYTwGA1JW1OOAiK9dHb8xDrWSt8ahEIXV9ZM/b2RokDKJPD1ZIDUSC56U/E/rx2rwaWXUh7FinA8f2gQM0uF1jQJq08FwYolmiAsqL7VwiMkEFY6r4IOwV388jJpVGzXsd3781L1OosjD4dwBCfgwgVU4RZqUAcMCTzDK7wZT8aL8W58zEdzRrZThD8wPn8ALImR3A==</latexit>

f2(1270), a2(1320),K
⇤
2 (1430)

<latexit sha1_base64="zGWaMSNXRWTCughoZR5IbSHEdLU="></latexit>

f0(500),(700), a0(980)

<latexit sha1_base64="p4rseJXhu8EeCuGnBsFUR4qyFbg="></latexit>

⇢(770),K⇤(892)

<latexit sha1_base64="4BVyuALvZizDZnixAUB8h1beACM="></latexit>

seen in pseudoscalar-pseudoscalar scattering 

‘unnatural’ spin-parities:
<latexit sha1_base64="Rn8tHsAD2umH5TNeHnXykVDAXyA=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIsgWENSBN0IRTfiqoJ9QJuWyXTaDp1MwsxECKH+ihsXirj1Q9z5N07bLLT1wOUezrmXuXP8iFGpHOfbyK2srq1v5DcLW9s7u3vm/kFDhrHApI5DFoqWjyRhlJO6ooqRViQICnxGmv74Zuo3H4mQNOQPKomIF6AhpwOKkdJSzyzedWtXTves7HZPyxXdbdvumSXHdmawlombkRJkqPXMr04/xHFAuMIMSdl2nUh5KRKKYkYmhU4sSYTwGA1JW1OOAiK9dHb8xDrWSt8ahEIXV9ZM/b2RokDKJPD1ZIDUSC56U/E/rx2rwaWXUh7FinA8f2gQM0uF1jQJq08FwYolmiAsqL7VwiMkEFY6r4IOwV388jJpVGzXsd3781L1OosjD4dwBCfgwgVU4RZqUAcMCTzDK7wZT8aL8W58zEdzRrZThD8wPn8AL6GR3g==</latexit>

h1(1170), b1(1235), a1(1260)

<latexit sha1_base64="QyevKHe/NzL8bO4sMzs6I98nyic="></latexit>

⌘0(958),⇡(1300)

<latexit sha1_base64="PbgzFWBwHbLyNyDE7pyVKh12oQY="></latexit>

⌘2(1645),⇡2(1670)

<latexit sha1_base64="xv1JOIPByQ5416na0ZzinhljIWk="></latexit>

forbidden in pseudoscalar-pseudoscalar scattering

need something else, e.g. vector-pseudoscalar scattering…
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recap: pseudoscalar-pseudoscalar scattering

LQCD very successful last decade in pseudoscalar-pseudoscalar scattering calculations:

⇡⇡ ! ⇡⇡

<latexit sha1_base64="W/MuJIXzbllTTOEPfSNLW6unW4U="></latexit>

Elastic scattering: 1P1

<latexit sha1_base64="2u4yYTnDREZyJxOpIhAq4bMVy8o="></latexit>

⇢

<latexit sha1_base64="v6NS23b7La4WSgU96OE1/L2MG5U="></latexit>

2S+1`J

<latexit sha1_base64="aQbQ6z3paNfYnaHC1mcI7+K2b1s="></latexit>

notation:
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PhysRevD.87.034505

JP = 1�

<latexit sha1_base64="VNvwj6kvG6pHcFS+OWZHJLnVWzA="></latexit>

⇢

<latexit sha1_base64="nEKG0Xf4jTUufyHbWU3GAiamXTo="></latexit>



recap: pseudoscalar-pseudoscalar scattering

Many more examples in the charm sector…
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Coupled-channel scattering:

{⇡⌘,KK} ! {⇡⌘,KK}

<latexit sha1_base64="tgrp8foQcLCrOLQBoLHS0vG/dMk="></latexit>

2S+1`J

<latexit sha1_base64="aQbQ6z3paNfYnaHC1mcI7+K2b1s="></latexit>

notation:

a0

<latexit sha1_base64="r8UzIA0As67qe2FpEgw77lwzepk="></latexit>

1S0

<latexit sha1_base64="uhuRi7cGfaffNJfriw+uTmVN8OE="></latexit>

JP = 0+

<latexit sha1_base64="OCx+EQuhdchFnS91rz6oAhnUbY8="></latexit>
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<latexit sha1_base64="dcf6nk8z8XEzPizCkCxvow/STTQ="></latexit>



Scattering hadrons with non-zero intrinsic spin much more complicated:

- Many partial-waves feature, e.g. vector-pseudoscalar scattering

these are some of the challenges that I tackled in my thesis…

1� ⌦ 0� = 3S1 , { 3P0 ,
3P1 ,

3P2 } , { 3D1 ,
3D2 ,

3D3 } , · · ·

<latexit sha1_base64="U4qfPDXP+iKA//YBjE1val3vjYs="></latexit>

- Resonances at higher energies, more coupled hadron-hadron channels

challenge: vector-pseudoscalar scattering 6

`dynamically-coupled’ JP = 1+

<latexit sha1_base64="XsXkpE0zlH8PVSyH36MCFv/Qj8c="></latexit>



the b1(1235)

PDG 
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very interesting resonance and great for a lattice calculation…



what is lattice QCD?

brief overview: lattice QCD 8

<latexit sha1_base64="VLz22YqrLWrlwHxiwc3Cm3tdV00=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCCwlJiUZ3BTcuK9gHNKFMppN26EwSZiZCDcVfceNCEbf+hzv/xklbRUUPDBzOuZd75oQpo1LZ9rtRWlhcWl4pr1bW1jc2t8ztnZZMMoFJEycsEZ0QScJoTJqKKkY6qSCIh4y0w9FF4bdviJA0ia/VOCUBR4OYRhQjpaWeuYegzxh0/GOfIzUUPI/4pGdWbcs7qZ27DrQt54t4p67nQMeyp6iCORo9883vJzjjJFaYISm7jp2qIEdCUczIpOJnkqQIj9CAdDWNEScyyKfpJ/BQK30YJUK/WMGp+n0jR1zKMQ/1ZBFR/vYK8S+vm6noLMhpnGaKxHh2KMoYVAksqoB9KghWbKwJwoLqrBAPkUBY6cIquoTPn8L/SatmObqZK7dad+d1lME+OABHwAEeqINL0ABNgMEtuAeP4Mm4Mx6MZ+NlNloy5ju74AeM1w8JZ5Tv</latexit>

<latexit sha1_base64="NJlKg1cCPLiPIg5+WLSOJomLgRI=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwISHRSLssuHHhooJ9QBPKZDpJh84kYWYi1FD8FTcuFHHrf7jzb5ykFVT0wMDhnHu5Z06QMiqVbX8YC4tLyyurlbXq+sbm1ra5s9uRSSYwaeOEJaIXIEkYjUlbUcVILxUE8YCRbjC+KPzuLRGSJvGNmqTE5yiKaUgxUloamPtX0Isi6HgnHkdqJHge8unArNmW03DPHBfallsvWEncc8eGjmWXqIE5WgPz3RsmOOMkVpghKfuOnSo/R0JRzMi06mWSpAiPUUT6msaIE+nnZfopPNLKEIaJ0C9WsFS/b+SISznhgZ4sIsrfXiH+5fUzFTb8nMZppkiMZ4fCjEGVwKIKOKSCYMUmmiAsqM4K8QgJhJUurKpL+Pop/J90Ti1Hd3Xt1pruvI4KOACH4Bg4oA6a4BK0QBtgcAcewBN4Nu6NR+PFeJ2NLhjznT3wA8bbJ84YlMk=</latexit>

lattice QCD is QCD under controlled approximations:

Z
D D ̄DAµ f( ,  ̄, Aµ) e

�SEuc
QCD( , ̄,Aµ)

<latexit sha1_base64="xWVmCjLwTrqdiFKZfzXtxzmxiP8="></latexit>

sum over quark/gluon  
field configurations

probability for a field 
configuration

operators of interest

- finite lattice spacing

- finite spacetime volume (a finite box)

- choice of action parameters, including quark mass

we use lattice QCD as a means to compute correlation functions…



brief overview: lattice QCD 9

e.g.

variational method:

- diagonalise the matrix and obtain the excited finite-volume spectrum

- compute a large matrix of two-point correlation functions with desired quantum numbers

operator-state overlap 
 

`how well does the operator 
interpolate state ’𝔫

finite-volume 
spectra

t

<latexit sha1_base64="F6ycp9BS3xDRjncaeA3acyv1yH4="></latexit>
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spectrum: b1 10

hn|O†
i |0i

<latexit sha1_base64="aCUQawP0LGeEsb3nDCB0NB33l8I="></latexit>

m⇡ ⇠ 391 MeV

<latexit sha1_base64="wvVnDKcmEwwfsmoZULflc2tihD4="></latexit>

Work at heavier-than-physical 
light quarks masses:

Isoscalar vectors are stable:

m! ⇠ 881 MeV

<latexit sha1_base64="FxQmOSD7QVVVXoZBuhdOvQ7Xpbc="></latexit>

m� ⇠ 1017 MeV

<latexit sha1_base64="pUQDV+63lUOKaYW2Q2kAqtKdeHw="></latexit>

[000]T+
1 ⇠ (JP = 1+)

<latexit sha1_base64="9/Y7YZmvgd5vIRWh7qcLcFw9TUc="></latexit>
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spectrum: b1 11

hn|O†
i |0i

<latexit sha1_base64="aCUQawP0LGeEsb3nDCB0NB33l8I="></latexit>

m⇡ ⇠ 391 MeV

<latexit sha1_base64="wvVnDKcmEwwfsmoZULflc2tihD4="></latexit>

Work at heavier-than-physical 
light quarks masses:

Isoscalar vectors are stable:

m! ⇠ 881 MeV

<latexit sha1_base64="FxQmOSD7QVVVXoZBuhdOvQ7Xpbc="></latexit>

m� ⇠ 1017 MeV

<latexit sha1_base64="pUQDV+63lUOKaYW2Q2kAqtKdeHw="></latexit>

[000]T+
1 ⇠ (JP = 1+)

<latexit sha1_base64="9/Y7YZmvgd5vIRWh7qcLcFw9TUc="></latexit>
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36 lattice energy levels used to constrain the scattering amplitudes

spectrum: b1 12



How is it done?

overview: scattering calculations in lattice QCD

scattering 
matrix

matrix of known 
finite-volume functions

phase-space

Lüscher’s Quantisation Condition

det
⇥
1+ i⇢(E) · t(E) ·

�
1+ iM(E,L)

�⇤
= 0

<latexit sha1_base64="1IX2SNrh337b5z8uVpkN3xs+CbA="></latexit>

- difficult problem! parameterise energy dependence of scattering matrix 
and vary amplitudes until best description of lattice spectra is found

finite-volume 
spectra amplitudes

time to look at an explicit calculation…

13



calculation: b1

Work at heavier-than-physical light quarks masses: m⇡ ⇠ 391 MeV

<latexit sha1_base64="wvVnDKcmEwwfsmoZULflc2tihD4="></latexit>

- isoscalar vectors are stable m! ⇠ 881 MeV

<latexit sha1_base64="FxQmOSD7QVVVXoZBuhdOvQ7Xpbc="></latexit>

m� ⇠ 1017 MeV

<latexit sha1_base64="pUQDV+63lUOKaYW2Q2kAqtKdeHw="></latexit>

- OZI suppressed
- centrifugal barrier suppressed

14

- consider three-coupled meson-meson channels

⇡�{3S1}

<latexit sha1_base64="uWfzxlewHTeuwHfBdah2CG+kqrA="></latexit>

⇡!{3S1}

<latexit sha1_base64="M/tKiXoZWLc0tU3C3SqHiwyKmv4="></latexit>

⇡!{3D1}

<latexit sha1_base64="7rTPq3u/H31LFhbppfEuPyhiLoU="></latexit>

⇡�{3D1}

<latexit sha1_base64="3mnTxW7XVvnMKhhE3yWjw7rUa1M="></latexit>

JP = 1+

<latexit sha1_base64="XsXkpE0zlH8PVSyH36MCFv/Qj8c="></latexit>



calculation: b1

Work at heavier-than-physical light quarks masses: m⇡ ⇠ 391 MeV

<latexit sha1_base64="wvVnDKcmEwwfsmoZULflc2tihD4="></latexit>

- isoscalar vectors are stable m! ⇠ 881 MeV

<latexit sha1_base64="FxQmOSD7QVVVXoZBuhdOvQ7Xpbc="></latexit>

m� ⇠ 1017 MeV

<latexit sha1_base64="pUQDV+63lUOKaYW2Q2kAqtKdeHw="></latexit>

- OZI suppressed
- centrifugal barrier suppressed

`dynamically-coupled’

coupled hadron-hadron

15

- consider three-coupled meson-meson channels

⇡�{3S1}

<latexit sha1_base64="uWfzxlewHTeuwHfBdah2CG+kqrA="></latexit>

⇡!{3S1}

<latexit sha1_base64="M/tKiXoZWLc0tU3C3SqHiwyKmv4="></latexit>

⇡!{3D1}

<latexit sha1_base64="7rTPq3u/H31LFhbppfEuPyhiLoU="></latexit>

⇡�{3D1}

<latexit sha1_base64="3mnTxW7XVvnMKhhE3yWjw7rUa1M="></latexit>

JP = 1+

<latexit sha1_base64="XsXkpE0zlH8PVSyH36MCFv/Qj8c="></latexit>

<latexit sha1_base64="4sXfYECc8799AjLwTxsCjHPsO2M="></latexit>



no evidence of  enhancement  
proposed as an analogue of the 

Zs
Zc

large canonical `bump’ enhancement 
in ⇡!{3S1} ! ⇡!{3S1}

<latexit sha1_base64="R82YUK8iFUs5W4qRv4N6A+36TgM="></latexit>

small ⇡!{3S1} ! ⇡!{3D1}

<latexit sha1_base64="1PbuCFaIJbOGcdFKs5YHccNGHms="></latexit>

relatively small in ⇡�{3S1} ! ⇡�{3S1}

<latexit sha1_base64="/HXnvvc5zd/QeoVExwR8wH6gPbs="></latexit>

negligible ⇡!{3D1} ! ⇡!{3D1}

<latexit sha1_base64="ImKq/8NzJUHGOsAmii39R9s3kEo="></latexit>

extremely small  
consistent with zero

⇡! ! ⇡�

<latexit sha1_base64="JV0B39xVkTSm1uRSTEy/7HFg8IA="></latexit>

calculation: b1 16
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<latexit sha1_base64="PG2Djvkf3CNuPz2RrlmAYp5tpC4="></latexit>
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calculation: b1 170.2
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<latexit sha1_base64="WHLlBVE7HdEggjhlSgn6E3mFPZI="></latexit>
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calculation: b1 180.2
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<latexit sha1_base64="WHLlBVE7HdEggjhlSgn6E3mFPZI="></latexit>



summary
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Theory, tools and technology for spin 
scattering from LQCD very powerful 
and successful

Many interesting studies to carry out:

⇡1(1600)

<latexit sha1_base64="xhe9vnVKHbKRifgfT0TgRtwGgUs=">AAADUXicdZJPb9MwFMC9FNjogG3syCWiQhpSVNkh6Z/bNA5wHIhuk9qqchwnM3Vsy3YQVZSPwXV8KE58FG64bYZgC0961tN7P79/eonizFgIf+54nQcPH+3uPe7uP3n67ODw6PmFkaUmdEIkl/oqwYZyJujEMsvpldIUFwmnl8ny7Tp++YVqw6T4ZFeKzgucC5Yxgq1zTWeKLdAJGkD4enHYg324Ef++gRqjBxo5Xxx5cJZKUh ZUWMKxMVMElZ1XWFtGOK27s9JQhckS53TqTIELaubV103Ttf/KuVI/k9qpsP7G+/eXChfGrIrEkQW21+ZubO1si01Lm43mFROqtFSQbaGs5L6V/noDfso0JZavnIGJZq5Zn1xjjYl1e+p2ZynN3DI3/VSfOU4WmqZ19fHdWV2hcRi8GQdRXLdgUucNFkbjAMEwgG1YwssGi4YBCkOnqI3LtWi4QewYp63p0oQ3GAxGDooHbZTS6naEcBRAl2/U2tufmih06aAbtjWbWN5OGkcu1/B/ZXONV3W1fWF/ULsbQ3cv6r5xEfZR1I8/RL3Ts+ba9sAL8BKcAASG4BS8B+dgAgiQ4Bu4Ad+9H96vDuh4W9Tbaf4cg3+ks/8bfP8KOA==</latexit>

X(3872), Zc(3900)

<latexit sha1_base64="OBRxl3ZYn8Hiz0aSoCfSM7DN5uQ=">AAADWnicdZJba9swFIBVe5c23SVt97YXszBIwQTJsRPnrXQP22M3ljYsCUaWZdeLLBtJHg3Gf6Wv218a7MdMSdyxtd6BIw7nfDo3TliwVCoIf+4Z5qPHT57uH3QOnz1/8bJ7dHwp81IQOiU5y8UsxJKylNOpShWjs0JQnIWMXoWrd5v41TcqZJrzz2pd0GWGE57GKcFKu4Lu8aw/9MfOqW19CUh/OIHwNOj24ABuxXpooMbogU YugiMDLqKclBnlijAs5RzBQi0rLFRKGK07i1LSApMVTuhcmxxnVC6rm233tfVWuyIrzoVWrqyt9+8vFc6kXGehJjOsruX92MbZFpuXKvaXVcqLUlFOdoXiklkqtzarsKJUUKLYWhuYiFQ3a5FrLDBRemGdziKisd7qtp/qK8NhIGhUV5/en9cVmjj2cGK7Xt2C5SJpMMed2Ag6NmzDQlY2mDu2keNoRW1cInjDjTzNaG1NF4WswaDta8gbtVGFKO5GcHwb6nx+a29/aiJHp4N62NZsfHU3qefqXOP/lU0EXtfV7oWDUa1vDN2/qIfGpTNA7sD76PbOzptr2wevwRvQBwiMwRn4AC7AFBBwA27Bd/DD+GUa5oF5uEONvebPCfhHzFe/AWa9CtU=</latexit>

NN,N⇡

<latexit sha1_base64="wVmGZK6mdspGROIfiSK1gWncmdU=">AAADTnicdZLNb9MwFMC9jI9SvrZx5BJRIXGIKjtL+nGbxgFO1UB0q9RWleM4manjWLaDVkX5J3bd/qhd+Ue4IXDbDMEWnvSsp/d+78t6keRMGwi/7zi7Dx4+etx60n767PmLl3v7B6c6LxShY5LzXE0irClngo4NM5xOpKI4izg9i5bv1/Gzb1RplosvZiXpPMOpYAkj2FjXZDTy3NFMssVeB3bhRtz7BqqNDqjlZLHvwFmcky KjwhCOtZ4iKM28xMowwmnVnhWaSkyWOKVTawqcUT0vLzYTV+5b64rdJFdWhXE33r9TSpxpvcoiS2bYnOu7sbWzKTYtTDKYl0zIwlBBto2Sgrsmd9fruzFTlBi+sgYmitlhXXKOFSbGflK7PYtpYn9yM0/5leNooWhclZ8/HFclGvre4dALwqoBy1VaY34w9BD0PdiERbyosaDvId+3ipq4VIma64WWsdpYLo54jUFvYKGw10RJJW9X8AcetPUGjbP96Yl8Ww7aZRurieXtpmFga/X/1zZVeFWV2xd2e5W9MXT3ou4bp34XBd3wU9A5Oq6vrQVegzfgHUCgD47AR3ACxoAADi7BFbh2bpwfzk/n1xZ1duqcV+Af2W39BvqjC6Y=</latexit>

  (finalising!)
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